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A quantitative version of an inequality obtained in [8, Theorem 2.1] is given. More precisely, for normalized
K quasiconformal harmonic mappings of the unit disk onto a Jordan domain Q € C** (0 < u < 1) we give
an explicit Lipschitz constant depending on the structure of {2 and on K. In addition we give a characterization
of q.c. harmonic mappings of the unit disk onto an arbitrary Jordan domain with C** boundary in terms
of boundary function using the Hilbert transformations. Moreover it is given a sharp explicit quasiconformal
constant in terms of the boundary function.
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1 Introduction and auxiliary results

a a . . .
Let A = 1 12} We will consider the matrix norm:
a21 A22

|A| = max{|Az|: 2 € R? |2| = 1}
and the matrix function
I(A) = min{|Az| : |z] = 1}.
Letw = u+iv: D — G, D,G C C, have partial derivative at z € D. By Vw(z) we denote the matrix

7Y . For the matrix Vw we have
Up Uy

V| = Jw.| + [ws] (1.1

and
U(Vw) = [|ws] — |wz]],

1 n 1 d 1 1
Wy == (wy + ~w, | andws := = | wy — ~w, | .
2 i Y 2 iV

A sense-preserving homeomorphism w: D — G, where D and G are subdomains of the complex plane C,
is said to be K-quasiconformal (K-q.c), K > 1, if w is absolutely continuous on a.e. horizontal and a.e. vertical
line and

where

|Vw| < KI(Vw) ae.onD. (1.2)

Notice that, condition (1.2) can be written as

K—1. 1+ k
e K=-—""
K+1'° 1—k°

|wz| < k|lw,| a.e.on D where k =
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2 Kalaj: Quasiconformal harmonic mappings

or in its equivalent form

2 2

<

ow

1w
dp

0 1 .
‘(;: 2 JE+ ) e (z=re'), (1.3)

where J, is the Jacobian of w (cf. [1], pp. 23-24). Finally the last is equivalent to:

1% ok
K — g%j -
This implies the inequality
1 1 |ow| :
7“2(1+I(2)‘8<p < KJy, (z=re*¥). (1.4)

A function w is called harmonic in a region D if it has form w = u + iv where u and v are real-valued harmonic
functions in D. If D is simply-connected, then there are two analytic functions g and h defined on D such that w
has the representation

w:g—i—ﬁ.

If w is a harmonic univalent function, then by Lewy’s theorem (see [14]), w has a non-vanishing Jacobian and
consequently, according to the inverse mapping theorem, w is a diffeomorphism. If k is an analytic function and
w is a harmonic function then w o k is harmonic. However k o w, in general is not harmonic.

Let

1—7?

Plrz =) = 27(1 — 2r cos(z — ) +12)

denote the Poisson kernel. Then every bounded harmonic function w defined on the unit disc U := {z : |z] < 1}
has the following representation

27
w(z) = Plwy)(z) = /0 P(r,z — p)wy(e™)dz, (1.5)

where z = re? and wy, is a bounded integrable function defined on the unit circle S := {2 : |2| = 1}.

In this paper we continue to establish Lipschitz and co-Lipschitz character of q.c. harmonic mappings between
smooth domains. This class contains conformal mappings. The conformal case is well-known ([13], [23], [21],
[3], [18]) but it seems only here we yield an explicit constant even for conformal case.

The first result in the area of g.c. harmonic mappings was established by O. Martio ([16]). Recently there are
several papers with deals with topic ([4]-[10], [19]-[20]). See also [22] for the similar problem of hyperbolic g.c.
harmonic mappings of the unit disk.

It is worth to mention the following fact, q.c. harmonic mappings share with conformal mappings the following
property (a result of M. Mateljevic and P. Pavlovic). This property do not satisfy hyperbolic g.c. harmonic
mappings of the unit disk onto itself.

Proposition 1.1 If w = P|[f] is a g.c. harmonic mapping of the unit disk onto a Jordan domain Q) with
rectifiable boundary, then f is an absolutely continuous function.

The proof can be found in [20], [19] or [11]. We will use Proposition 1.1 implicitly in our main Theorems 2.1
and 3.1.

Some of the notations are taken from [8]. Let v € C™*, 0 < 1 < 1, be a Jordan curve such that the interior of
~y contains the origin and let g be the arc length parameterization of . Then |¢’(s)| = 1. Let

K(s,t) =Re[(g(t) — g(s)) - ig'(s)] (1.6)

be a function defined on [0, 1] x [0,1]. Denote by K its periodic extension to R? (K (s + nl,t +ml) = K(s,t),
m,n € 7).
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Since K (s + nl,t +ml) = K(s,t), m,n € Z, it follows from [8, Lemma 1.1] that
K (s, 0)] < Cydy (g(s). 9(£) ", (1.7

for

1 "(s) = ¢'(t
SN RN O Y 0]
Ttp sz (s—t)F

(1.8)

and d., is the distance between g(s) and g(¢) along the curve 7 i.e.

dy(9(s), 9(t)) = min{|s — ¢, (I — |s — t])}. (1.9)
Using (1.7) and following the same lines as in the proof of [8, Lemma 2.7] we obtain the following lemma.

Lemma 1.2 Let w = P[f|(z) be a Lipschitz continuous harmonic function between the unit disk U and a
Jordan domain Q, such that f is injective, and OQ = f(S) € CY*. Then for almost every e'¥ € S* one has

d,(f(e"#T7)), f(e'9)) '+
.132

lim sup J,, (re?) < .| ()] dz, (1.10)

r—1-0
where J,, denotes the Jacobian of w at z, and f'(p) := %f(ew).

A closed rectifiable Jordan curve 7 enjoys a B— chord-arc condition for some constant B > 1 if for all
21, Zo € -y there holds the inequality

dv(zl,zg) S B|Zl — 2’2|. (111)

It is clear that if v € C*“ then  enjoys a chord-arc condition for some for some B, > 1.

We will say that the q.c. mapping f : U — € is normalized if f(1) = wo, f(e*™/3") = w; and f(e
wa, where wowy, wiws and waowy are arcs of v = I having the same length |y|/3.

The following lemma is a quasiconformal version of [23, Lemma 1]. Moreover, here we give an explicit
Holder constant L., (K).

Lemma 1.3 Assume that v enjoys a chord-arc condition for some B. Then for every K— q.c. normalized
mapping f between the unit disk U and the Jordan domain Q) = inty there holds

£ (21) = f(z2)] < Ly(K)|z1 — 20|

for 21,25 € S, a = grrdygy and Ly(K) = 4(1 + 2B)2% [ K25

Proof. Fora € Candr > 0, D(a,7) := {2z : |z —a|] < r}. Itis clear that if zg € S* := U, then,
because of normalization, f(S' N D(zg, 1)) has common points with at most two of three arcs wowy, wiwsy and
wowy. (Here wo, wi, wy € 7 divide y into three arcs with the same length such that f(1) = wo, f(e*™/3) = wy,
f(e*™/3) = ws, and S* N D(z0, 1) do not intersect at least one of three arcs defined by 1, ¢2™/3 and e*7%/3).

Let k, denotes the arc of the circle |z — zp| = p < 1 which liesin [z| < 1 andletl, = |f(k,)|.

Let v, := f(S* N D(zo, p)) and let |7,| be its length. Assume w and w’ are the endpoints of 7, i.e. of f(k,).
Then |y,| = dy(w,w’) or |vy,| = |v| — dy(w,w’). If the first case hold, then since y enjoys the B—chord-arc
condition, it follows |7,| < Blw — w'| < Bl,. Consider now the last case. Let v, = 7\ 7,. Then ;, contains
one of the arcs wows, wiws and wowg. Thus |7y,| < 2|fyl’)|, and therefore

7| < 2Bl,.

—277/3’L) —

On the other hand, by using (1.1), polar coordinates and the Cauchy-Schwartz inequality, we have

2
2 =1f(k,)* = ( /k \f.dz + fzd2|>

2
< ( / V5 (20 +pew)|pd¢>
kP

S/ IVf(ZOere“")\de@-/ pdep.
k, k

P
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4 Kalaj: Quasiconformal harmonic mappings

Since l(k,) < 2pm/2, for r < 1, denoting A, = U N D(r, zy), we have

r 12 r )
/ Ldp S/ IV f (20 + pe'®)* pdipdp
o P 0 Jkp (1.12)

= K/ Jt(z0 + pe'?)pdpdp = wA(r) K,
0 Jkp

where A(r) is the area of f(A,). Using the first part of the proof it follows that, the length of boundary arc ~,. of
f(A,) does not exceed 2B, which, according to the fact 9f (A,) =+, U f(k,), implies |0f(A,)| < I, + 2BlI,.
Therefore by the isoperimetric inequality

A2 2BI,)? 1+ 2B)?
4dm 4 4
Employing now (1.12) we obtain
e 1+ 2B)?
F(r) := Ldp < Klgu_i).
o P 4
Observe that for 0 < 7 < 1 there hold the relation 7F”(r) = [2. Thus
1+2B)?2
F(r) < KTF’(T)%.
It follows that, for )
~ K(1+2B)?

there holds

dir log(F(r) - 7’*2“) >0

i.e. the function F'(r) - 72 is increasing. This yields

Q
F(r) < F(l)r% < Kg—‘r%‘.

77
Now there exists for every » < 1 anr; € [r/+/2,7] such that

r l2 r 12
F(r) = idpz/ Ldp =12, log V2.

o P /V2 P
Hence
ZQ < |Q| ,',,204
=" rlog2

Thus if z is a point of |z| < 1 with |z — 2| = r/+/2, then

£ (2) = f(20)| < (1 +2B)lr < (14 2B)ly,.

Therefore
|f(2) — f(20)] < H|z — 20|%,
where
K[|
H=(1+2B)2% .
(1+25) mlog 2
Thus we have for 21, 2o € S the inequality
|f(21) = f(z2)| < 4H]|z1 — 22| (1.13)

O

Copyright line will be provided by the publisher



mn header will be provided by the publisher

Remark 1.4 By applying Lemma 1.3, and by using the Mobius transformations, it follows that, if f is arbi-
trary conformal mapping between the unit disk U and €2, where () satisfies the conditions of Lemma 1.3, then

|f(z1) = f(22)| < CO(f,7)K|z1 — z2|* on S*.

2 Quantitative bound for Lipschitz constant

The aim of this section is to prove Theorem 2.1. This is a quantitative version of [8, Theorem 2.1]. Notice that,
the proof presented here is direct (it does not depend on Kellogg’s nor on Lindeldf theorem on the theory of

conformal mappings (see [3] for this topic)).

Theorem 2.1 Let w = P[f](z) be a harmonic normalized K quasiconformal mapping between the unit disk
and the Jordan domain Q. If v = 02 € CYH, then there exists a constant L = L(v, K) (which satisfies the

inequality (2.8) below) such that

|f'(p)| < L for almost every ¢ € [0, 2], (2.1)
and
|w(z1) — w(ze)| < KL|z1 — 22| forz1,29 € U. (2.2)
Proof. Assume first that w = P[f] is Lipschitz and thus
ess sup |f()] < oo.
0<6<2r
It follows that
ow
%(Z) = P[f')(2). 2.3)
Therefore for ¢ > 0 there exists ¢ such that
ow , ,
o-(2)| <ess sup |f(t)] = L <|f' () +e (2.4
e 0<6<27
According to (1.4) and (1.10) we obtain:
L T ), J(E)
1+ @I @F < foKIf@I [ o d.
If I
T
“=1%1r e
then
T i(o+x) i\ \1+p
I —¢ S 02 d’Y(f(e 117f(e )) d.]f
o rlte zl-n 25)
7T i(ptz) ip\\1+p—p ’
SCQ/ d’Y(f(e 1),f(€ )) Lﬁ dz .
- xltn=ph zl=r
Thus

T (@), f(9) 40 de

B
(L—¢)/L7” < Cy pl+n—25

—T

xl=r’

Choose 3: 0 < 3 < 1 sufficiently close to 1 so that o = (« — 1)(1 + p — 3) + u — 1 > —1. For example

J1%e"
2—«

B=1-

)
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6 Kalaj: Quasiconformal harmonic mappings

and consequently
o= pa 1.
2 -«

From Lemma 1.3 and (1.11), letting ¢ — 0, we get

L' <0y (Bva)H“_ﬁ/ x%dr = Cs,

—T

and hence
2-a
L<cy/P = o (2.6)

By (2.3) it follows that
|zg'(z) — 21/ (2)] < L.

On the other hand,
[Vw| = |g'| + ||
is subharmonic. This follows that
[Vw(z)| < gl@i{Ig’(Z)I +Ih ()]} < K‘Ig‘fg{lg’(Z)I — [ ()|} = K L. 2.7

This implies (2.2).
Using the previous case and making the same approach as in the second part of theorem [8, Theorem 2.1] it

follows that w is a Lipschitz mapping. Now applying again the previous case we obtain the desired conclusion.
O

Remark 2.2 The previous proof yields the following estimate of a Lipschitz constant L for a normalized
K —quasiconformal mapping between the unit disk and a Jordan domain €2 bounded by a Jordan curve v € C''+#
satisfying a B—chord-arc condition.

2

2—a =
T K3 2—a) K|Q|
L<i4n | -—+5C,—— 4B(1+2B 2.8

- 7r(21+K2 T pa ) { (1+2B) 7710g2} ’ 28)

where
1

K(1+2B)?

and C, is defined in (1.8). See [20], [19], [4] and [5] for more explicit (more precise) constants, in the special
case where -y is the unit circle.

o =

3 Boundary correspondence under g.c. harmonic mappings

If w = g + h is a harmonic function then

w, = i(2q(2) = 2H(2)
is also harmonic. On the other hand
rw, = zg'(z) + zh/(2).

Hence the function 7w, is the harmonic conjugate of w,, (this means that w,, + irw, is analytic). The Hilbert
transformation of f” is defined by the formula

flo+t) = f'le—1)
H(f') / Stan(t2)

fora.e. pand f’ € L'(S*). The facts concerning the Hilbert transformation can be found in ([24], Chapter VII).
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There holds

wy, = P[f’] and rw, = P[H([")], (3.1)

if w, and rw, are bounded harmonic.

The following theorem provides a necessary and a sufficient condition for the harmonic extension of a home-
omorphism from the unit circle to a C?* Jordan curve ~y to be a q.c mapping, once we know that its image is
Q) = int~. It is an extension of the corresponding result [8, Theorem 3.1] from convex domains to arbitrarily
smooth domains.

Theorem 3.1 Let f : S' — ~ be an orientation preserving absolutely continuous homeomorphism of the unit
circle onto the Jordan curve v = 9Q € C*H. If P[f](U) = ), then w = P|f] is a quasiconformal mapping if
and only if

0 < I(f) := essinfI(Vw(e'?)), (3.2)
|[/'l|oc == esssup | f' ()] < o0 (3.3)
and
[HH ()]s == esssup [H(f")()| < oc. (3.4)
%)

If f satisfies the conditions (3.2), (3.3) and (3.4), then w = P|[f] is K quasiconformal, where

_ VPR + THEIE, - 1(F)?
l(f) '

The constant K is the best possible in the following sense, if w is the identity or it is a mapping close to the
identity, then K = 1 or Kis close to 1 (respectively).

K :

(3.5)

Proof. Under the above conditions the harmonic mapping w, by a result of Kneser, is univalent (see for
example [2, p. 31]). Therefore w = g + h, where g and h are analytic and J,, = |¢’|> — |h’|? > 0. This infers
that the second dilatation p = h' /¢’ is well defined analytic function bounded by 1.

3.1 The proof of necessity

Suppose w = P[f] = g + his a K —q.c. harmonic mapping that satisfies the conditions of the theorem. By [10,
Theorem 2.1]) we have

|ow(2)| — |Ow(z)] > w >0,z¢€U. (3.6)
By [8, Thoerem 2.1] or Theorem 3.1 we get

|f'(¢)l < Lae. 3.7
and

lim (9w (re’?)| — |Bu(re'?)| = [Duw(e®)| - [uw(e®)| a.e. (3.8)

Combining (3.7), (3.8) and (3.6) we get (3.2) and (3.3).
Next we prove (3.4). Observe first that

w, = e"Pw, + e "Pws.
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8 Kalaj: Quasiconformal harmonic mappings

Thus

w,| < |V. (3.9)
By using (3.9) and (2.7) it follows that

lwr(2)] < KL. (3.10)
The last inequality implies that there exist the radial limits of the harmonic conjugate rw, a.e. and

lim rw,(re'?) = lim w,(re'?) = H(f')(p) a.e, (3.11)

T

where H(f) is the Hilbert transform of f’. Since rw, is a bounded harmonic function it follows that rw, =
P[H(f")], and therefore
IH ()00 = esssup [H (") ()] < oo.

Thus we obtain (3.4).

3.2 The proof of sufficiency

We have to prove that under the conditions (3.2), (3.3) and (3.4) w is quasiconformal. This means that we need
to prove the function

_ el lws| 14yl

K(z) = - (3.12)
jw2] = |ws| 1= |p
is bounded.
Since 1 = W5 /w, is an analytic function it follows that |¢| is subharmonic. (Notice that, as ¢(t) = 1% is

convex this yields that K (z) = ¢(|u(z)|) is subharmonic).
It follows from (1.1) that w,, is equals the Poisson-Stieltjes integral of f’:

1
o

27
/O P(r. o — D ().

w(re'?)
Hence, by Fatou’s theorem, the radial limits of f,, exist almost everywhere and lim,_,1_ f,(re?) = f}(0) a.e.,

where fj is the absolutely continuous part of f.
As 7w, is harmonic conjugate of w,,, it turns out that if f is absolutely continuous, then

Tim f(re'?) = H(f')(0) (ac.),
and

lim f,(re*?) = f'(9).

r—1-—

1 £l
2 2 _ 2 o
P+ fusl? = 5 (ur? + g
it follows that

(1% + H %) (3.13)

DN | =

lil{l lw,|* + Jwz|* <
To continue we make use of (3.2). From (3.13) and (3.2) we obtain that

[ (€9)]2 + [ws(e)2 |IF]% + [[H(F)]%
o (wa(@)] — Jws(@)])2 20(f)? '

(3.14)
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Hence

s (") + [ws(e"?)[* < S(lws(e"?)] = lws(e?)])* (a.e.), (3.15)

where

_ P A TH

S 3.16
20(/)? (10
According to (3.14), S > 1. Let
oy . wf(ew))
He) ‘WZ(ew) .
As w is a diffeomorphism, |p(e*)| < 1. Then (3.15) can be written as follows:
L4 (%) < S(1 - p(e'?))?,
i.e. = p(ei?) satisfies the inequality
pA(S = 1) =2uS + S —1= (S = 1) (1 — ) (pp — p2) >0, (3.17)
where
S+ V25 -1
= -1
and
_ S—1
e sirvas—1
From (3.17) it follows that (e*?) < o or pu(e*?) > py. But u(e'¥) < 1 and therefore
. S—1
)< ——— (a.e.). 3.18
HER) € o (ae) G.19)
As p(z) = |a(z)|, where a is an analytic function, it follows that
w(z) < k= po,
for z € U.
This yields that
1+k 25—-14+v25-1
K(z) <K := - —25 1,
(2) < 1—-k V25 —-1+1
ie.
112 H(NOI2 —1 2
K(2) < VIR + TH R — 1)
1(f)
which means that w is K = Vils ,”gﬁuﬁf({ OIS 1) quasiconfomal. The sharpness of the last results follows
from the fact that K = 1 for w being the identity. O
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10 Kalaj: Quasiconformal harmonic mappings

3.3 Two examples

The following example shows that, a K (with K arbitrary close to 1) gq.c. harmonic selfmapping of the unit disk
exists, having non-smooth extension to the boundary, contrary to the conformal case.

Example 3.2 ([9]). Let

1+ bsin(log|p| — m/4)
Ole)=¢ 1+ bsin(logm — w/4)

, P E [_71—77(]3

where 0 < b < 1/2/2, and let w(z) = P[f](z) = P[e"’(¥)](z). Then w is a quasiconformal mapping of the unit
disc onto itself such that f’(y) does not exist for ¢ = 0. Using a similar approach as in Theorem 3.1 it can be

shown that

Ky := sup 7\wz| + |
|z|<1 ‘wz| - |U12‘

as b — 0 and this means that, there exists a q.c. harmonic mapping close enough to the identity, but its boundary
function is not differentiable at 1. Details we will discus elsewhere.

The next example shows that, the condition (3.2) of the main theorem is important even for harmonic polyno-
mials.

Example 3.3 Let w be the harmonic polynomial defined in the unit disk by:
wz)=2z—-1—-(2-12+2—-1=32-3-2°+ %

Then w is a univalent harmonic mapping of the unit disk onto the domain bounded by the C'* convex curve
v = {(4cost — cos(2t) — 3,sin(2t) — 2sin(t)),t € [0,27)}. But w,(1) = wz(1) = 1, and therefore w is not
quasiconformal.
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