ON THE UNIVALENT SOLUTION OF PDE Au=f
BETWEEN SPHERICAL ANNULI

DAVID KALAJ

ABSTRACT. It is proved that if u is the solution of PDE Awu = f, that
maps two annuli on the space R3, then the annulus in co-domain cannot
be with arbitrary small modulus, providing that the annulus of domain
is fixed. Also it is improved the inequality obtained in [2] for harmonic
functions in R®. Finally it is given the new conjecture for harmonic
mappings in the space similar to the conjecture of J. C. C. Nitsche for
harmonic mapping in the plane related to the modulus of annuli.

1. INTRODUCTION AND AUXILIARY RESULTS

Here B(0,1) is the unit ball and S(0, 1) is the unit sphere, Q2 is bounded
homeomorphic image of the ball. We will consider two norms of A =
(aij)%:f

|| Al = sup{[[Az] - [|z[| = 1}

and

If A is nonsingular matrix then there exists A~! which is given by the

formula:
_1 1

T det A

(A)T7

where A = (@ij)i j—1 and

- w k=1,...j—1,j+1,...
Qji = (—1)"det ([alk] l=1,...,gfl,i]+1,...nn> .

We easily obtain the following formula

(1.1) trace(AAT) = ||A|3.
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There are well known the following formulae

(1.2) ||A|| = max{V/\ : det(AAT — \E) = 0},

(1.3) A7) = 1/ min{V/X : det(AAT — X\E) = 0},
where E is the identity matrix, and
(1.4) det(AAT) = (det A)%.

The question arisen: what is relation between the norms ||-|| and ||-||2 and
when they coincides. In the following lemma it is given the partial answer
to that question.

Lemma 1.1. Let A : R™ — R" be a linear operator such that A = [a;;li j=1,...n-
a) There hold the inequality

1 _
(15) HAI’l X o0 X Axn—l“ < WHAHS 1“371 X oo X xn—lH'
b) If A is K quasiconformal, then
(16) [ Az x - x Az || < LK, )3 lwr 5 - X @i,
where
(1.7)

K+VEK?2-1 1
Vo — 1 (5 + VET-1)2) V=1

The inequalities (1.5) and (1.6) are sharp.

L(K,n) = min

Observe that limg 1 L(K,n) = nz

Proof. a) If x1,...,z,, are linearly dependent vectors, then the inequality
follows from the fact that
A.%'l X--'XA.%'TL_l:Axl X xxn_lzo.

Otherwise applying Gram-Schmidt algorithm we construct a sequence of
vectors f;,, % =1,...,nsuch that < f;, f; >=1, < f;, f; >=0, for ¢ # j and
L(x1,...,2;) =L(f1,..., fi)fori=1,...,n—1.

Let F' = (fi;) be n x n matrix defined such that f; = > | fije;. Then

(1.8) |AF[2 = ||Al]2-
Let us prove this fact. By definition
n n
|AF|3 =Y < ATe;, Fej >?= > < ATe;, f; 2.
ij=1 ij=1

Let ATe; = Z” bi; f;- Multiplying by fj we obtain that < ATe;, fr, >= by,.
Hence
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= E <AT€iafj>fja
2%
and consequently

n
1A ei||> =D~ < ATe, f; >*
j=1
Combining we obtain that

n n
1Al =D A el = Y < ATes, f; >*=||AF|f5.
= =1
Let x; = >0 @i fj, i=1,...n— 1. Then

Al’l X oo X A:L’n_l = E EoTl,0q - - ‘xn—lon,lAfl X oo X Afn_l.
o

It follows that
HAxl X oo X A«'En—lHQ = H ZaU‘rl,Ul .. -xn—lonflAfl X ... Afn—lH2
o

1 - -
= [Jor x - X @ | JAfL X Af ] < W(Z | Afi]|?) =172
=1

1 1 |
(n—1)"" (n—1)nt
If A = (ai;) such that a;; = 1,7 =1,...,n— 1 and a;; = 0 otherwise and
x; = e;, then there hold the equality of the theorem.

b) From Az; X --+ X Az = Axy X -+ X xp—1 it follows that

2 2
= ||z X X1 |> AR = |lz1x- - -X@p |2 All5"2.

14wy % -+ ¢ Azaall < 1Allll2 x - X 2l
According to the Proposition 77

1A]13 iﬁzijxi n—~1_1+n—~1 (K 4+ VK2 -1)? +n—1
Zn T ZNnT R@) U RA) T (K VE -1

It follows that
K+vK?2-1

(1.9) IA|]* <
-1+ (K +VET 1)

14113

On the other hand

n n
1All2 = | D [Aex]> = | D [|Aer x -+ x Aeg_q X Aegrq x -+ x Aen|[?.
= k=1
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After some elementary computations it follows that

~ n n—
(1.10) Ml < 1Al

From (1.9) and (1.10) we obtain the desired inequality. If A is the unit matrix
(or more general if A is any orthogonal transformation) then A is K = 1-
quasiconformal and the equality holds. Thus the inequality is sharp. ([

Let f be a function between A and B. By N(y, f) we denote the cardinal
number of f~1(y) if the last set is finite and we set N(y, f) = +oo in the
other case. The function y — N(y, f) is defined on B. If f is surjective then
N(y, f) > 1 for every y € B. The following proposition hold.

Proposition 1.2. [9] Let U be an open subset of R™ and let f : U — R™ be
C' mapping. Then the function y — N(y, f) is measurable on R™ and

(1.11) Ny, f)dy = /U (e, f)|da,

R
where J(x, f) is the Jacobian of f.

Further, let A be a C! surjection from an n — 1 dimensional rectangle
K™ ! onto the unit sphere S 1. Let the function f be defined in the n
dimensional rectangle K™ = [0,1] x K"~ ! by f(r,u) = rh(u). Thus f is
a C! surjection from K™ onto the unit ball B™. It is easily to obtain the
formula J(z, f) = "~ 1Dy (u), where x = (r,u) € K", and Dj, denotes the
norm of the vector product

@ X PRI X ah
0x1 O%p—1

Dh:’

According to Proposition 1.2 it follows that

1
“wn_1 = u(B") = / dy < [ N(y,f)dy
n n Bn

:/n |J(a:,f)|dx:/01 r”_ldr/Knth(u)du: i/Knth(u)du.

Consequently we have
(1.12) / Dp(u)du > wy—1.
Kn—1

Proposition 1.3. Let u be a C' surjection between the spherical rings
A(r1,7m9) and A(s1,s2), and let S = u/||u||. Let P"~! be a closed n — 1 di-
mensional hyper-surface that separates the components of the set AC(ry,73).
Then

(1.13) [ 815 ap = /o= e
Pnfl

and

(1.14) / ||S’H§_1dA > (n—1)""1(ryg — ry)wp—_1,
A(ri,r2)
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where w,_1 denote the measure of S~ 1.

Proof. Let K"~ ! be an n—1-dimensional rectangle and let g : K"~ ! — P!
be a parametrization of P"~!. Then the function S o g is a differentiable
surjection from K™~ ! onto the unit sphere S"~!. Then by (1.12) we have

/Knl DSogdK > Wp-1-

According to Lemma 1.1 we obtain

Dt = [t - Stten 35
- m—lm—ll\S’<g<w>>||§1Dg<x>.

Hence we obtain

n ' n—1 _n ' n—17
€ o= [ IS @)D @@ = = [ IS (o)

Thus we have proved (1.13). It follows that

T2
[ ustaa= ([ s as ) ez Vi D e e
A(ry,r2) 1 Sn=1(0,t)

The proof of the theorem has been completed. ([

2. THE MAIN RESULT
Theorem 2.1. Let there exists a solution u of PDE
Au=f, f:A(r,r) — R

that mapps annulus A(r1,r2) onto annulus A(s1,s2) of R3, and satisfies the
conditions ||x|| — r; = ||u(z)|| — si, i = 1,2. Note that this special PDE is
the Poisson equation. Then for f =0 we have

(2.1) 2> 1 VB+V3(log 2+ )
51 rooTo
and for |[f|| = max,, <|jz||<r, || f(2)|| we have
67"2 9 r —Tg
2.2 > - . log — 1ls1 — .
(22) LfI] = =12 {[3(log o H ) +1]s1 — s2}

Note that if u is a homeomorphism then it satisfies the conditions of the
theorem. Note also that (2.1) is better than inequality £ > log 2 + [

obtain by the author in [2]. In figure 3.1 it is shown that the inequality (2.1)
is almost sharp.

Proof. Let u be a solution of given partial equation. For n > ng > max{2,1/(ra—
r1)} let

sn =sup({|[yl| 1 y € A(s1,82) Ay & u(A(r1 +1/n,m2))} U {s1}).
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If y € A(s1,s2) ANy € u(A(r1 +1/n,72)) then ||y|| < s, hence y & A(sp, s2).
Consequently A(sp,s2) C By, = u(A(r1 + 1/n,72)). The sequence s, is
decreasing. Hence it is a convergent. Consequently only one of the following
statements hold:

(A) s, = so for every n > ng. Then there exists a sequence z,, : r; <
l|zn|] < r1 4+ 1/n such that ||y,|| = ||u(x,)|] > s2 — 1/n. Since
||zn|| — 71 it follows that ||u(zy)|| — si. This is impossible.

(B) s1 < sy, < 89 for every n > n’. Since u is a surjection it follows that
there exists a sequence x,, : 1 < ||z,|| < 71+ 1/n such that ||y,|| =
l|w(zn)|| = Sn. Since ||z,|| — 71 it follows that ||u(zy)|| = sp — s1.

(C) There exist n” € N such that s, = s1 for every n > n”.

From (A), (B) and (C) we obtain lim,_.. sp = s1.

Let (B) hold. For every n > n/, let &, = s, — s1 such that s; + 4e,, < s9

and let ¢, be a C? real function defined on (s1,s2) by

51 if 51 < s <81+ 26,
(pn(S) = hn(s) if s1 + 25n <s<s1+ 4&«”
32-1—%(5—52) if s1+4de, <5< 89

where the function hy,(t) satisfies the conditions: h] (t) > 0, and h!'(t) > 0.
An example of such function is the function

hn(s) = s1

fsxl—f—zsn(t —S1— 2571)(31 + 4e,, — t) dt)q q
xT

S92 — 81 —€np /S
So — 81— 4en Jg 120, f;;:;;: (t —s1—2ep)(s51 +4ep, —t) dt

Here ¢ = @, is chosen such that h,(s; + 4¢,) = s1 + &,. This is possible
because limg, o hn(s1 + 4e,) = s1 and
SS9 — 81 — €p, (81 +4e, — 51 — 25n)

hn(s1+ 4ep)|g=1 = s1 + P — 5 > s1 4+ &p.

It is obvious that

(2.3) 0<p,(s)—1and 0 < ¢li(s) = 0asn — oo

for every s € (s1,s2). Let p = ||ul| and let p,, be the function defined on
{z 2 <|lz|| <72} by pu(z) = @n(p()).
If (C) holds we can simply set p,(z) = p(x) and ¢y (z) = =.
Then
Apn(@) = @ (p(@)IAp(@)[]* + ¢ (p(x)) Ap(2).
By (2.3) it follows at once that

Apn(x) — Ap(x) as n — oo
for every x € A(r1,r2). Similarly we obtain

—Zmm -
or o or

(z) as n — o0
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uniformly on {z : ||z|| = r} for every r € (r1,r2). Applying Green’s formula
for p, on {x : 7 + 1/n < ||z|| < r}, we obtain
/ 9pn 45— Opn g5 = App dV.
lolj=r O llelj=r1+1/n O ri+1 /o<l <r

Since the function p,, is constant in some neighborhood of the sphere ||z|| =
r1 4+ 1/n, it follows that

/ 9pn 4g — Apy dV.
lal|=r OT ri+1/n<|jel|<r

Because of (??7) and (2.3) it follows that the function Ap, is positive for
every n. Hence, by applying Fatou’s lemma, letting n — oo, we obtain

/ 8”0152/ ApdV.
llof|=r OF <zl <r

Next, by applying (??) we obtain

) 1
/ pdSZ/ ApdV:/ IS+ L < £,8>dv
lzl|=r O ri<|le|<r ri<|zl<r 2
2
o [ ISIBAY = Sallflle - o,
ri<|fz||<r
According to the relation (1.14) we obtain that:

0 2

r28/ pdsS(C) Z87T81(r—7~1)_gﬁHfH(ﬁ_rz)_
" Jlicli=1

Dividing by r? and integrating over [ry,r5] by 7 the previous inequality, we

get

/ p(r2¢) dS(C) — / p(11¢)dS(C) >
[I¢]]=1

lI¢l=1

- 2 — 1)
8rsy(In 2 4+ 1112y 27 (= T2)
(&) 3 T9

It follows that:

— 2 — )2
471'(82—31) Z SWSI(ln:?_i_M)_;THfH(TI TQ)

T2
T rL—r 1 r1—19)2
(52— s1) > 2sa(in 2 4 L"2) Ly (=)

1 6 9

hence

s T r—r 1 r—19)2
25 o2y Ty Ly g i)

S1 1 T9 681 T9

Now the relations (2.1) and (2.2) easily follow.
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3. AN EXAMPLE

The function
1—r" iR 1Ry

1 =
o 10 = (55 + o)
is a harmonic diffeomorphism between annular regions A(r,1) and A(R,1)
if and only if
3.2 R ————.
(3.2) Tn—1+rm
The relation (3.2) leads us to the following conjecture: if u is a harmonic
diffeomorphism between the ring domains A(R, 1) and A(r,1), then
there hold (3.2). Thus we generalize the conjecture of J.C.C. Nitsche for
n dimensional space.

The fact that f is diffeomorphism follows from the fact that f(z) =

g(|x|) where

nr

||
(p) = 1—r""'R n r"IR —
g\p) = 1—pn p (1_,rn)pn71

is a diffeomorphism of [r,1] onto [R,1]. Moreover if h = g~! then the

function F = ih(|m|) is the inverse mapping of f. To prove that f is

kg
harmonic mapping observe that
1—r"1R IR —
flx) = T x + 1 K[id](x)

where K[h] is Kelvin transform of the mapping h defined by
K[h)(z) = [«|*""h (2/]2]?)
and it is harmonic if only if & is harmonic, see [4] for details.

Remark 3.1. a) According to the example and to the theorem 2.1 we have
the inequality
3r < 1
2473 7 14+ 3(r —logr —1)

for every r € (0,1). The inequality can be proved directly. See also figure 3.1
b) In [8], has been observed that if there exists a harmonic diffeomorphism
between two ring domains in the space, then the modulus of co-domain
cannot be small enough.
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