A PRIORI ESTIMATE OF GRADIENT OF A SOLUTION TO
CERTAIN DIFFERENTIAL INEQUALITY AND
QUASICONFORMAL MAPPINGS

DAVID KALAJ

ABSTRACT. We will prove a global estimate for the gradient of the solution
to the Poisson differential inequality |Au(z)] < a|Vu(z)|?2 + b, x € B",
where a,b < oo and u|gn-1 € CLH*(S""LR™). If m = 1 and a < (n +
1)/(Juloo4n+/n), then |Vu| is a priori bounded. This generalizes some similar
results due to E. Heinz ([I3]) and Bernstein ([3]) for the plane. An applica-
tion of these results yields the theorem, which is the main result of the paper:
A quasiconformal mapping of the unit ball onto a domain with C? smooth
boundary, satisfying the Poisson differential inequality, is Lipschitz continu-
ous. This extends some results of the author, Mateljevi¢ and Pavlovié¢ from
the complex plane to the space.
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In the paper B™ denotes the unit ball in R”, and S™~! denotes the unit sphere
(n > 2). We consider the vector norm |z| = (31, 22)*/2 and the matrix norm
|A| = max{|Az| : |z] = 1}. Let @ C R™ and @ C R™ be open sets and let

u: Q) — ' be a differentiable mapping. By Vu we denote its derivative, i.e.

D1u1 N Dnul
Vu = : :
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If n = m, then the Jacobian of u is defined by J, = det Vu. The Laplacian of a
twice differentiable mapping is defined by

i=1

The solution of the equation Au = ¢ (in the sense of distributions see [I7]) in
the unit ball, satisfying the boundary condition u|gn—1 = f € L1(S"~1), is given
by

n

ua)= [ Plamfadotn - [ Gaugwi el <1 ()

Here
1— |z

P(z,n) = P (1.2)

is the Poisson kernel and do is the surface n—1 dimensional measure of the Euclidean
sphere satisfying the condition: [, , P(z,n)do(n) = 1. The first integral in
is called the Poisson integral and is usually denoted by P[f](z). It is a harmonic
mapping. The function

G(x,y):cn< L _ ! ) (1.3)

[z —y[*=2 (L4 2Py = 2(z,y)) =2/

where
1

= (1.4)

Cp =

and wy,_; is the measure of S*~1, is the Green function of the unit ball. The Poisson
kernel and the Green function are harmonic in z.

Definition 1.1. A homeomorfism (continuous mapping) u :  — Q' between two
open subsets © and Q' of the Euclidean space R™ will be called a K (K > 1)
quasi-conformal (quasi-regular) or shortly a q.c. (q.r.) mapping if:

(i) w is absolutely continuous function in almost every segment parallel to some
of the coordinate axes and there exist partial derivatives which are locally L™ inte-
grable functions on Q2. We will write u € ACL".

(ii) w satisfies the condition

[Vu(z)[" [Vu()["
K K

for almost every x in Q where I(v/(z)) := inf{|Vu(z)¢| : |{| = 1} and J,(x) is the
Jacobian determinant of u (see [33] or [37]).

< |Ju(z)| < KI(Vu(z))" ( < Ju(z) < Kl(Vu(ac))”) (1.5)

We refer also to the monographs [34] and [35] for the basic theory of quasiregular
mappings.

Notice that the condition u € ACL"™ guarantees the existence of the first deriv-
ative of u almost everywhere (see [33] ). Moreover J,(x) = det(Vu(z)) # 0 for a.e.
x € Q. For a continuous mapping u, the condition (i) is equivalent to the fact that
u belongs to the Sobolev space W, |,.().

For a function (a mapping) u defined in a domain Q we define |u| = |u|o =
sup{|u(z)| : * € Q}. We say that u € C**(Q),0< a <1, k€N, if

[ulta = D D ul+ Y sup [Du(z) — DPuly)| - |z —y|™* < oc.
1B1<t |8|=t “YEL
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It follows that for every a € (0,1] and [ € N

uly = > D% < [ulyq. (1.6)
|BI<!
We first have that for u € C1*()
lu(x) — u(y)] < |ul1,olz —y| for every z,y € Q, (1.7)
and for real u € C1(Q)
1 < 2fulolul1,0- (1.8)

More generally, for every real differentiable function 7 and real u € Ch%(Q), we
have
()l < 7 (u)lolul1,a- (1.9)

Let © have a C*® boundary 99.

The norms on the space C*®(9Q) can be defined as follows. If uy € C**(99)
then it has a C*® extension u to the domain Q. The norm in C*%(9) is defined
by:

[wolk,e == Inf{|u|o k.o : uloo = uo}-
Equipped with this norm the space C**(92) becomes a Banach space. See also [16),
p. 42] for the definition of an equivalent norm in C*<(d9), by using the partition
of unity.

One of the starting points of this paper is the following theorem which was one

of the main tools in proving some recent results of the author and Mateljevic (see
[21] and [20]).

Proposition 1.2. (Heinz-Bernstein, see [3] and [13]). Lets: U —R (s: U —
B™) be a continuous function from the closed unit disc U into the real line (closed
unit ball) satisfying the conditions:
(1) s is C? on U,
(2) sp(0) = s(e™) is C* with K = maxe[o 2r) \g—;ﬁ(ewﬂ, and
(3) |As| < a|lVs|?> +b on U for some constants a < oo (a < 1/2 respectively)
and b < oo.

Then the function |Vs| is bounded on U by a constant c(a,b, K).

The Heinz-Bernstein theorem appeared on 1910 in the Bernstein’s paper [3] and
was reproved by E. Heinz on 1956 in [I3]. This theorem is important in connection
with the Dirichlet problem for the system

Au=Q ( Ou au,%IhIz) U= (Ul(l’l,zz)a e ,Um(fl?l,if/z))a (1-10)

8.’171 ’ 8.’172

where Q = (Q1,...,Qmn), and @), are quadratic polynomials in the quantities ggl’i
i =1,...,m, k = 1,2 with the coefficients depending on u and (z1,z3) € Q. An
example of the system is the system of differential equations that present a
regular surface S with fixed mean curvature H with respect to isothermal parame-
ters (z1,x2). Also it is important in the connection with minimal surfaces and the
Monge-Ampere equation.

We will consider the n dimensional generalization of the system . Indeed,
we will consider a bit more general situation. Assume that a twice differentiable
mapping u = u(x1,...,2,) satisfies the following differential inequality, which will
be the main subject of the paper:

)



4 DAVID KALAJ

|Au| < a|Vul|* + b where a,b > 0. (1.11)

The inequality (1.11) will be called the Poisson differential inequality.

Recall that the harmonic mapping equations for u = (u!,...u") : N' — M of
the Riemann manifold V' = (B", (hj) )) into a Riemann manifold M = (€, (g;x ))
(@ CR") are

BI7Y2 3" da(|B2hP0gut) + Y Th(w)DautDgu’, i=1,...,n, (1.12)
a,B=1 a,B,k =1

where 'y, are Christoffel Symbols of the metric tensor (g;, ) in the target space

M:

29

i Lo (O9mk | Ogme  Ogre\ _ 1 4
e ot ok - ozm ) 59 (gmk,e + gmek — gke,m)7

the matrix (¢?* ) ( (/%)) is an inverse of the metric tensor (gjr ) ((hjx )), and
|h| = det(h,r ). See e.g. [18] for this definition.

Remark 1.3. If Christoffel Symbols of the metric tensor (gj, ) are bounded in M,

and if the metric in N is conformal and bounded i.e. if hji(x) = p(x)d;k, such that
p is bounded in N then u satisfies (1.11)).

Note that the Poisson differential inequality is related to the problem
—div(A(-, u)Vu) = f(-,u, Vu), (1.13)

where z € B"™(r) := rB", u(x) € R™ and each A(x,u), for x € R™ and v € R™ is an
endomorphism on Hom(R", R™) satisfying uniformly strongly elliptic and uniformly
continuous conditions; moreover f satisfies the following so called natural growth
condition (see [8])

|f(z,u,p)| < a(r)|p|* +b (p € Hom(R™,R™)). (1.14)

The problem of interior and boundary regularity of solutions to has been
treated by many authors, and among many results, it is proved that, every solution
of , under some structural conditions and some conditions on the domains
and initial data, has Holder continuous extension to the boundary and is C™®
inside. See [12] for some recent results on this topic and also [8] and [I5] for earlier
references.

In this paper we generalize Proposition for the space. Namely we prove the
theorems:

Theorem A. Let s : Bn — R™ be a continuous function from the closed unit ball
B™ into R™ satisfying the conditions:
(1) s is C? on B,
(2) s: 5" L - R™ is O and
(3) |As| < a|Vs|*+b on B™ for some constants b and a satisfying the condition
2a < |8|oo 1= max{|s(x)| : x € B"}.
Then the function |Vs| is bounded on B™. If a < C,,/|$|cc where

o - (n+1)/7l((n+1)/2)
" 8nl'(n/2+1)

(1.15)
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then |Vs| is bounded by a constant C(a,b,n, M), where M =|s|gn-1 |1,

Theorem B. Let s : Bn — R be a continuous function from the closed unit ball
B into R satisfying the conditions:
(1) s is C? on B,
(2) s: 5" 1 - Ris CH and
(3) |As| < a|Vs|?> +b on B™ for some constants a and b.
Then the function |Vs| is bounded on B™.
If a < Cp/|s|e then |Vs| is bounded by a constant C(a,b,n,|u|sn-1|1,a)-

According Remark it follows that Theorem A is a partial extension of [9]
Theorem 4, (ii)] where it is proved a similar result, for the family of harmonic
mappings u : N' — M, which map the manifold N into a regular ball B,.(Q) C M.

Theorem A and Theorem B roughly speaking, assert that every solution to Pois-
son differential inequality has a Lipschitz continuous extension to the boundary, if
the boundary data is C'.

An application of Theorem B yields the following theorem which is a general-
ization of analogous theorems for plane domains due to the author and Mateljevic
(see [23] and [20]).

Theorem C. Let u : B™ — Q be a twice differentiable quasiconformal mapping of
the unit ball onto the bounded domain Q with C? boundary, satisfying the Poisson
differential inequality. Then Vu is bounded and u is Lipschitz continuous.

Remark 1.4. Every C? mapping satisfies locally the Poisson differential inequality
and is locally quasiconformal provided that the Jacobian is non vanishing. Thus the
family of mappings satisfying the conditions of Theorem C is quite large. According
to Fefferman theorem ([5]) every biholomorphism of the unit ball onto a domain
with smooth boundary is smooth up to the boundary and therefore quasiconformal.
This fact together with the fact that every holomorphic mapping is harmonic, it
follows that Theorem C can be also considered as a partial extension of Fefferman
theorem.

The paper contains this introduction and three other sections. In section 2
we prove some important lemmas. In section 3, by using Lemma [2.1] and some
a priori estimates for Poisson equation proved in [I0], we prove Theorem A and
Theorem B, which are a priori estimates and global estimates for the the solution
to Poisson differential inequality on the space, which are generalization of analogous
classic Heinz-Bernstein theorem for the plane. In the final section, we previously
show that, if u : B™ — Q is q.c. and satisfies Pisson differential inequality, then
the function x(z) = —d(u(z)), where d(u) = dist(u, 0Q), satisfies as well Pisson
differential inequality in some neighborhood of the boundary. By using this fact
and Theorem B we prove Theorem C. This extends some results of the author,
Mateljevic and Pavlovic ([23], [26], [20], [21] and [32]) from the plane to the space.
It is important to notice that, the conformal mappings and decomposition of planar
harmonic mappings as the sum of an analytic and an anti-analytic function played
important role in establishing some regularity boundary behaviors of q.c. harmonic
mappings in the plane ([32] and [23]). This cannot be done for harmonic mappings
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defined in the space (see [1], [22] and [36] for some results on the topic of Euclidean
and hyperbolic g.c. harmonic mappings in the space). The theorem presented here
(Theorem B) made it possible to work on the problem of g.c. harmonic mappings on
the space without employing the conformal and analytic functions. Notice that, the
family of conformal mappings on the space coincides with Mobius transformations.
Therefore this family is ”smaller” than the family of conformal mappings in the
plane.

2. SOME LEMMAS

We will follow the approach used in [13]. The following lemma will be an essential
tool in proving the main results of Section 3. It depends upon three lemmas. It is
an extension of a similar result for complex plane treated in [I3].

Lemma 2.1 (The main lemma). Assumptions:
A1l The mapping u: D — B" is C?, D C B" satisfies for x € D the differential
inequality
|Au| < a|Vul|®> +b (2.1)
where 0 < a,b < co.

A2 There exists a real valued function G(u) of class C* for |u| < 1+¢€ (e >0)
such that

IVG| < a (2.2)
and the function ¢(x) = G(u(x)) satisfies the differential inequality
A > B(IVul?) = v (2.3)

where «, B and vy are positive constants.

Conclusions:

C There exists a fized positive number ¢ = c¢1(a,b, o, B,7,n,u) such that for
2o € D and ro = dist(xg, D), the following inequality holds:

[Vu(xg)| < ¢} <1 + (2.4)

MAaX |y — x| <rg lu(z) — U(IO)|)

To

If a is small enough (a satisfies the inequality a < C,, i.e. ) then ¢} can be
chosen independently of u.

Remark 2.2. After writing this paper, the author learned that a similar result has
been obtained in the paper [19], for the class of harmonic mappings. By using the
fact that the family of bounded harmonic mappings is Holder continuous in com-
pacts for some Holder exponent o < 1 (a result obtained in [I4]), Jost and Karcher
proved that ¢} can be chosen independently of u without the previous restriction
(19, Theorem 3.1]). However, it seems that our results are new for the class of

solutions to Poisson differential inequality and the author believes that ¢} can be

(n+1)VAT((n+1)/2)
8nI'(n/2+1) .

However to prove the main result (Theorem C) we only need an estimate that is
not necessarily a priori (see Theorem B).

chosen independently of w without the restriction a < C), =

We will prove the lemma by using the following three lemmas:
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Lemma 2.3. Let u satisfy the hypotheses of the lemma and let the ball |y—x| < p
be contained in D. Then we have for 0 < p; < p the inequality

/ cn|Vul2dy
ly—z[<p1

(2.5)
p"2p" " (vp )
<—m + max |u —u(x .
pn—2 _ pl 2715 ﬂ ly—a|= pl (y) ( )l
Proof. By using (1.1)) we obtain for |z| <1 —p
[ (o + o)~ ulw))don)
s (2.6)

Cn Cp,
= - dy.
/|y—w§p <|y - x|n—2 pn—Q) g(y) Y

If we now apply the identity (2.6]) to the mapping ¢(x) = G(u(x)), by using |Vé| <
a, we obtain the inequality:

C C
n . n A(bdy
~/|y—7;§p <|y - I|n_2 /0n_2>

Sa/’ fu(z + pn) — u(@)|do(n) < @ max |u(y) - u().
Sn—l

lz—y|=p

(2.7)

On the other hand from ([2.3)) we deduce

/ ( cnn_z - 2712>A¢dy
ly—z|<p ly — x| o
Cp, Cn )
> y—z|<p (Iyx|n2 - pn2> |Vu|?dy

_7/ ( o 2"2) dy (2.8)
ly—zl<p \|Y — 7| P

Cn Cn
= ﬂ ( n—2 n2> |VU|2dy
ly—ai<p \|¥ — 7| p
_t
on
Combining this inequality with (2.7) we obtain
[y, (S
y—z|<p -
(2.9)
2

< ——+—= max |u —u(x)|.
< 25+ G max u(y) - u(o)

Now let 0 < p1 < p. From (2.9)) we get

1 1
< = n_z>/ cn|Vul*dy
pl P ly—z|<p1

Cn Cn 2
S/ <| — 2 o n—2) [Vul“dy
ly—z|<p y—x p

_
< 257 + E Iymjl p|u(y) — u(w)]
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and therefore
n—2 n—2

2
PP P o
chugdy<<—|— max uy—ux).
/Iyw|<p1 Ve pr2 —pi T2 A\28n B - uly) = ule)

1 z|=p

O

Lemma 2.4. Let Y : D — B™ be a C? mapping of a domain D C B™. Let
B"™(xg,p) C D and let Z € R™ be any constant vector (n > 3, m € N). Then we
have the estimate:

n
VY@< [ W) - Zlde)
P Jly—zol=p (2.10)
1 1 ly — 2ol
+ — — |AY |dy,
Wn—1 Jjy—zo<p \ |y = To| p
and
1 1 —
VY (20)] < 2 + / ( — ly nwol) AY |dy,  (2.11)
P wWno1 Jyy—agl<p \|¥ — Zol P

where 7y, is defined in (2.19).
Proof. Assume that v € C?(B™). From

o) = H(z) + K(z) = / P, n)o(n)do(n) — / Gla,y)Mo(y)dy  (2.12)

Sn—1 n

where H is a harmonic function, it follows that
vh= [ Pehevidotn) - [ Guloh Aoy (213)
Sn—l

B’VL
By differentiating (1.2]) and (1.3)) we obtain
—2 <CL‘, h> n(l — |CL'|2) <.%'—77, h>

P.(z,n)h = —
(z,m) lz—nn |z — |2
and
(n—2)(x—yh) (n =2y {z,h) = (n = 2) {y, h)
Gz, y)h =c, —cp,
(@) =y (T -+ oIyl — 2 (2, )2
Hence
n{n,h
PO =) — .
and (.1
1 (y,h 1
G.(0,y)h = — + Jh).
(0,9) PP (y, )
Therefore
|P.(0,m)h| < |P.(0,m)|h] = n|h| (2.14)
and
|G2(0,y)h| < |G(0,y)|h| = (lyl*=™ = lyD1nl. (2.15)

Wn—1
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By using (2.13)), (2.14) and (2.15) we obtain

Vor < [ POl + [ (GOl Av)ldy

Hence we have

Vo(0) < n / [o(n)do(n)

Sn—

= hlAewldy,
n—1 Bn

Let v(z) = Y(xo + px) — Z. Then v(0) = Y(xo) — Z, Vv(0) = pVY(x0) and
Av(y) = p?AY (¢ + py). Inserting this into (2.16) we obtain

(2.16)
_|_

PIVY (w0)] < [VG(O)| + [VE(0)] < n / 1Y (0 + o) — Z|do(n)
st (2.17)
|l = IAY (o + o)l

Introducing the change of variables ( = zg+ pn in the first integral and w = x¢ + py
in the second integral of (2.17) we obtain

VYol [ Q- 2ol
(2.18)

1 1 -
+ / ( — o x0|> |AY |dw
W1 Jjw—ao|<p \ W = To|" P

which is identical with (2.10). To get (2.11)) we do as follows. We again start by
(2.12)). Let v(z) = Y (29 + pz). Then H is defined by

@)= [ P e+ (o).

+ p?
Wn—1

Applying the Schwartz lemma (see |2 Theorem 6.26]) to the harmonic function
Hy, : x — (H(x), h), where h is a unit vector in R, we obtain that

|VH(0)| = keSnE{l,%}ésm—l [ (VH(0)k,h)| = ﬁ?\i}i |V H,,(0)]
2(n—Dw,_o  20(1+n/2) (2.19)
<Y = - = Tt /2 < +/n.

Since,

Y (zg + px) = H(x) + K(z)
and Vuv(0) = pVY (z9), by using inequality together with the previous esti-
mate for [VEK(0)], it follows (2.11). O

Lemma 2.5. Let v : B® — R™ be a continuous mapping. Then there exists a
positive function 6, = d,(¢), € € (0,2), such that if x,y € B", and |z — y| < 0,(¢)
then |u(z) —u(y)| <e.

In [14, Theorem 3] is proved that the family of harmonic mappings u : N — M,
which map the monifold A into the regular ball B,.(Q) C M is uniformly continuous
in compact subsets of A/. This implies that the function d,(¢) can be chosen
independently on u. This fact can improve the conclusion of Lemma [27] as it is
done in [I9, Theorem 3.1].
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Proof of Lemma 2.1} In order to estimate the function |Vu|? in the ball |z —x¢| < g
we introduce the quantity

M= max (ro—|z— xo])|Vu(z)| (2.20)

|z—20|<ro
Obviously there exists a point x7 : |21 — 29| < 7 such that
M = (rg — |x1 — xo|)|Vu(zy)|. (2.21)

Let d = ro — |1 — 20| and 6 € (0,1). If we apply Lemma to the case where
Y(z) =u(z) and Z = u(xy), x = 21 and p = d6, and use (2.21)), we obtain

M . Yn MN
=< In
7 S min de’dnen/l i lu(y) — u(z1)|do(y)}

! / ( 1 |Z/ - Z1|>
+ - | Auldy.
Wn—1 Jiy—ay|<do \|y —z1[""1  dron

Using now ([2.1]) we obtain

M . Tn n
< In B
d — min do’ dron /Iy:z:1|—d9 lu(y) — u(zy)|do(y)}
! ly — m) )
+(n—2 acn/ ( B Vultdy .
( ) ly—z1|<dO |y - $1|n—1 daron | | ( )

b / ( 1 |y - xll)
+ - dy.
Wn—1 J]y—mz|<d6 ly — x|t dron

We shall now estimate the right hand side of (2.22). First of all, according to
Lemma [2.5] we have for every ¢ > 0 and df < 6,(c) the inequality:

n ne
— < = )
o [ )~ )l () < 2 (2.23)
|ly—z1|=dO
On the other hand

b 1 ly — 171> n
- dy=1»> de. 2.24
Wn-1 /yac1|<do (|y — x|t drgn Y= (2.24)

Next let A be a real number such that 0 < A < 8. Then we have the inequality

a 1 ly — CU1|) 9
- |Vu|*dy
Wn—1 /Iyz1<da <|y —x|n ! dron

a 1 ly — $1|> 2
= - Vul“dy 2.25
Wn—1 /|yx1|<d>\ (Iy — x|t dnon |Vl (2.25)

1 1
+ (n — 2)adAcy, ( — > / Vul?dy.
( ) dn \r daron ly—a1|<do | |

In order to estimate the right hand side of this inequality we first observe that, on
account of (2.21]) we have for |z — 21| < d\ the estimate

M?

2

\V4 [
Vol = e
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and therefore

a4 1 ly — $1> 2
- |Vu|“dy
Wn—1 /y—zllgdx <|y — x|t dron

a M? A tld
< — _ 2.26
= Wy (1= ))2 (Ad (n+ 1)9n)“’" ! (2.26)
M2 n+1
=a———5(\d — M)
21— N)? (n+1)67

Moreover from Lemma we conclude that

a
/ [Vul?dy
Wn—1 J|y—z1|<do

dn720n72 '7[72 a
<tmn-2a—m 00— (L4 2 - :
< (=2 gy (35 + 5 o ) — )l 220

dr—2gn—2 Lp2 2K«
1—67=2 \28n B )

Where K := max|, g <r, |u(z) — u(xo)|.
Inserting now (2.26]) and ([2.27) in (2.25)) we obtain

a4 1 ly — $1|> 9
- [Vul"dy
Wn—1 /Iy—wlgde <|Z/ — x|t dron

M2 /\ )\n+1
< _
S a0 T e

1 1 o2 vp? 2K«
) N (- I DA e A
(n=2)a <d>\" d9n>1—9n—2 (25n+ 3 )

Combining ([2.23)) (for 6 < §,(¢)/70), (2.24) and (2.28]) we conclude from (2.22)) that

the following inequality holds:

<(n-2a

(2.28)

M min{ne,v,} 2 At

n
< b do A—
A ey L w v Gl prrag yy T 220
L (=2 X (0N (9 2a '
a1 =620 \\X 20 3 )
Myltiplying by d we get:
min{ne, v, } no o, M? At
M < v P6ta (A — )
0 1 1—X)2 1)om
n+ ( ) (n+1) (2.30)

e () ) GR350

Remember that A and 6 are arbitrary numbers satisfying 0 < A < 6 < 1. The
inequality (2.30) can be written in the form

AM? - M+B>0 (2.31)
where
1 Al

A=A G

and
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min{ne,vn}+b n_ g
0 n+1

s ((3) 1) G557

Taking A = sin # we obtain that

B =

daen® 4
lim 4AB < min{ acn , an'yn}.
6—0 n+ 1’ n —+ 1
Hence
n+1
4AB < 1 f =
< or € dan? 1
whenever 6 < 6y, where 6 is small enough. Observe that in the case
danvyp
<1, 2.32
n+1 ( )

6o can be chosen independently of ¢ i.e. independently of u. The inequality (2.31))
is equivalent with

1—-+v1—-4AB 1 1—4AB
M< TV v > YD A (0) for 0 < 6. (2.33)
2A 2A
From (2.33) it follows that only one of the following three cases occur:

(1) M < M~(9), for 6 € (0,6);
(2) M > M™*(0), for 6 € (0,00);
(3) there exist 6y, 02 € (0,00) (say 01 < 62), such that M < M~(¢;) and
M > M*(02) > M~ (02).

As limg_.¢ Hiw = 400, the case (2) is not possible. Since M+ and M~ are
continuous, the case (3) implies that there exists 05 € (01, 62) such that M~ (03) <
M < M™(03). Thus the case (3) is also excluded.

The conclusion is that only the case (1) is true and henceforth

1-V1—4AB 2B
24 14 /1—_4AB

Since d < rog < 1 it follows that d? < rg. Therefore
M < 2B < Cl(aabvaaﬂa’y,nvu)(K+r0)' (234)
From ro|Vu(zg)| < M it follows the desired inequality. O

M <

= Cé(K’ 907a,b,a,5,7,r07n).

The following two lemmas, roughly speaking assert that the boundary behavior
of any solution of the Poisson differential inequality is approximately the same as the
boundary behavior of the set of two harmonic mappings. They are n— dimensional
”generalizations” of [I3] Lemma 9] and [13, Lemma 9’]. Since the proofs in [13]
only rely on the maximum principle, the proofs of these lemmas clearly apply to
n > 2 as well with very small modifications.

Lemma 2.6. Let u : B" — B™ be a C? mapping defined on the unit ball and
satisfying the inequality
|Au| < a|Vul* + b, (2.35)
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where 0 < a < 3 and 0 < b < co. Furthermore let u(z) be continuous for |z| < 1.
Then we have for x € B™ and t € S~ the estimate

l1—a

u(e) = u(B)] < T |V (@) — u(t)
; , (2.36)
+ mW(x) — [u(®)?] + m(l —|a?),
where
F(z) = /Sni1 P(a,n)u(n)*do(n), |z <1 (2.37)
and
V@) = [ Plamutndot). o <1 (2.39)

Lemma 2.7. Let x : B" — [—1,1] be a mapping of the class C*(B™) N C(B™)
satisfying the differential inequality:
|AX| < a|Vx]>+b (2.39)

where a and b are finite constants. Then we have for x € B"™ and t € S"~! the
estimate

Ix(z) = x(8)] < % [h’)(w) — X |p" (z) — e XOD| 4 %be“(l —[z[)| (2.40)
where
K (z) = /S P, n)e” XM dg (n) (2.41)
and
WP (z) = /S Pl 7)e®X dog (n). (2.42)

3. A PRIORI ESTIMATE FOR A SOLUTION TO POISSON DIFFERENTIAL
INEQUALITY

Theorem 3.1. Let v : D — B™ be a C? mapping, satisfying the differential
inequality:

|Au| < a|Vu|*> +b (3.1)
where 0 < a <1 and 0 < b < co. Then there exists a constant ca = ca(a,b,n,u)
such that for xg € D and ro = dist(zq,0D) there holds

MaX|p_gg|<ro |4(2) — U($0)|) _

To

[Vu(zo)| < co (1 + (3.2)

If in addition a < C,, then cy can be chosen independent of u and (3.2) is an a
priori estimate.

Proof. Let us consider the function G(u) = |u|? and ¢(z) = G(u(z)). Evidently we
e IVG(u)| = 2u] <2 if |u| <1 (3.3)
and

A¢p = i D2G(u)(Vu(z)e;, Vu(z)e;) + (VG(z), Au(x)) (3.4
= ;Vu\z + 2 (u, Au) .
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From (3.1) we conclude

A¢ > 2(1 — a)|Vul? — 2b. (3.5)
The conditions of Lemma are therefore satisfied by taking « =2, 8 =2(1 — a)
and v = 2b. (3.2) follows with ca(a,b,n,u) = ¢1(a, b, a, 8,7y, n,u). O

Theorem 3.2. Let u: B® — B™ be continuous in B", u
and satisfy the inequalities

Bn € CQ’ ’LL|Sn—1 c Cl,a

|Au| < a|Vul|®> +b, € B", (3.6)
ulgn-1]1,a < K, (3.7)

where 0 < a < 1/2 and 0 < b, K < co. Then there exists a fixed positive number
cq(a,b,n, K, u) such that

|[Vu(z)| < cq(a,b,n, K,u), x € B"™. (3.8)

If in addition a < C,, then c4(a,b,n, K,u) can be chosen independently of u and
(3.8) is an a priori estimate.

Proof. Let mg = rt € B™, t € S™~ 1. From Theorem we conclude that the
inequality

Vool < cafa b (14 P M Z U g
holds.
We shall estimate the quantity
@=  max u(z) — u(@o)-
First of all we have
u(x) = u(zo)| < |u(z) — u(t)] + [u(zo) —u(t)| for |z[ <1.
Applying now Lemma [2.6] we obtain
1—a
u(z) —u(zo)| < T— (¥(2) —u(®)] + ¥ (z0) — u(t)])
e _ 2 -~ 2
+ gy (P@) = WOP + [Pl = OF)  (3.10)
b 2 2
+ m[(l = [2F) + (1 = [zo[7)],

where the harmonic functions Y and F are defined by (2.37) and (2.38). To con-
tinue, we use the following result due to Gilbarg and Hoérmander see [10, Theo-
rem 6.1 and Lemma 2.1],

Proposition 3.3. The Dirichlet problem Au = f in Q, u = uy on 02 € C! has a
unique solution u € CH%, for every f € C%%, and ug € CH%, and we have

[ul1,0 < C(Juol1,a,00 + [flo.a) (3.11)

where C is a constant.
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Applying (3.11)) on harmonic functions Y and F', according to (1.6, (1.7) and
(1.8[), we first have

Y (z) —u(t)| + |Y (zo) — u(t)| <2CK(1 —7r) (3.12)
and
|F(2) = u(t) ] + |F(z0) — [u(t)]?| < 4CK(1 —1). (3.13)
Combining (3.10), (3.12) and (3.13) we obtain
1—a 4CKa b
|u(z) — u(z)| < QCKl gy + 301 — 20) + (= 2a) (I—r). (3.14)
Thus for . LCK .
—a a
es(a: b, Kon) = 20K =0+ 50 =20yt naT = 20)
we have

Q < CS(a’a b7 K7 ’I’I,)(l - T').
Inserting this into we obtain
‘VU(ION < CQ(CLa b7 n, u)(l + C3(a7 b7 Ka n)) = 04(0'7 ba Ka n, u)
Since x( is arbitrary point of the unit ball the inequality is established. [

Whether Theorem holds replacing the condition 0 < a < 1/2 by 0 < a < o0,
is not known by the author. However adding the condition of quasiregularity we
obtain the following extension of Theorem (3.2

Corollary 3.4. Assume that u : B" — R" is a K —quasireqular, twice differentiable
mapping, continuous on B™, and u|gn—1 € CY*. If in addition it satisfies the
differential inequality

|Au| < a|Vul|® 4+ b for some constants a,b > 0 (3.15)
then
|vu| < Cg(K,d, ba ’U)
Proof. From (|L.5) we obtain fori=1,...n
1 < (Vu) < [Vu, |3 < [Vul

— <K 3.16
K~ J,. - Ju Ju T ( )
and hence
V| < K™V, p. (3.17)
Thus for everyi=1,...,n
|Aug| < aK?/™|Vug)2 +b. (3.18)
The conclusion follows according to Theorem [3.6] O

In the rest of the paper we will prove an analogous result for arbitrary a and b.
The only restriction is u being a real function, i.e. m = 1.

Theorem 3.5. Let B"(xg,r79) C D C B™ and let x : D C B™ — [-1,1] be a
mapping of the class C?(D) satisfying the differential inequality:

|Ax| < a|Vx[* +b (3.19)
where a and b are finite constants. Then we have the estimate

max\w—x[ﬂgro ‘X(I) - X($0)|>
To

IVx(x0)| < es5(a,b,n, x) (1 + (3.20)
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If a < C), then cs(a,b,n,x) can be chosen independently of x and (3.20)) is an a
priori estimate.

Proof. Let us consider a twice differentiable function ¢(t), —1 < ¢ < 1 and ¢(x) =
d(x(z)). The function ¢ satisfies the differential equation

Ap = ¢"|Vx? + ¢/ Ax. (3.21)
Using we obtain
Ap = (¢" — al¢'))|Vx|* — bl¢/|. (3.22)
Taking ¢(t) = €24 we obtain
Ap > 2a%e 72| Vx|? — 2abe*®. (3.23)

The conditions of Lemma are therefore satisfied by taking o = 2ae?¢, f =
2a%e72% and 7 = 2abe?*. Hence we conclude that (3.20)) holds for cs(a,b,n,x) =
Cl(aab7aaﬁ577nax)' D

Theorem 3.6. Let x : B" — R be continuous in B™, x|g» € C?, x|gn-1 € CH
and satisfy the inequalities

|Ax| < a|Vx[*+b, =€ B", (3.24)

IX|sn-1]1,0 < K (3.25)

where 0 < a,b, K. Then there exists a fized positive number cg = cg(a,b, K,n,x),
which do not depends on x for a < Cy|/|x|eo such that

[Vx(z)| < cg, € B". (3.26)

Remark 3.7. The condition |x|gn-1|1,o < K of Theorem is the best possible,
i.e. we cannot replace it by |x|gn-1]1 < K. For example O. Martio in [28] gave an
example of a harmonic diffeomorphism w = P[f], of the unit disk onto itself such
that f € C'(S') and Vw is unbounded. This example can be easily modified for
the space. For example we can simply take w(z1,x2,...,2,) = P[f](x1,22). Then
ulgn-1 € C but Vu is not bounded.

Proof. The proof follows the same lines as the proof of Theorem The only

difference is applying Theorem [3.5] instead of Theorem [3.1] and Lemma 2.7 instead

of Lemmato the function yo = x(x)/M, where M = max{|x(z)| : * € B"}.
Let 29 =7t € B™, t € S™ 1. From Theoremwe conclude that the inequality

(3.27)

MAaX|y_ gy |<r x) — xo(x
|VX0(xO)| < C5(a’7b7nax) <1 =+ | ol=ro |:.<O( ) XO( O)>
0

holds.
We shall estimate the quantity

Q= max |xo(z) — xo(zo)|-

|z—z0|<1—7

First of all we have

IXo(2) = xo(zo)| < [x0(x) = Xxo(t)] + [x0(z0) = x0(t)] for |z[ <1. — (3.28)
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Applying now Lemma [2.7 we obtain
a
xol®) — xo(wo)| < & [h%) o) 4 [ (ag) eax‘m@
a

# E ) = O] 4 ) — e (329
a

2ab
+ 76{1(1 = |2 +1 = |zo|),

where the harmonic functions h? and h™ are defined by (2.41]) and (2.42). Applying

(3.11) on harmonic functions h? and h™, according to (1.6]), (1.7) and (1.9) for
71 = e and T = e~ %, we first have
|hP () — eXo®| 4 AP (0) — e M| < 2ae*CK (1 — 1) (3.30)
and
|W™ () — e” XD | 4 |B™ (20) — e= 0D < 20e*CK (1 —1). (3.31)
Combining ([3.29)-(3.31) we obtain
0y | 4a%b
Ixo0(z) — xo(zo)| < [4CKe** + —e (1—r). (3.32)
Thus for
4a?b
cr(a,b, K,n) = 4CKe** + e
n
we have

Q < C7(a,b, K)(1 —).
Inserting this into (3.27)) we obtain
|VX0(x0)| < 65((1, b,n, X)(l + 07(0'7 b, K, TL)) = Cé(aa b,K,n, X)'

Since g is an arbitrary point of the unit ball the inequality (3.26]) is valid for
C6(a7b7Kan7X):C/G(aava’n7X)'M' .

4. APPLICATIONS-THE PROOF OF THEOREM C

4.1. Bounded curvature and the distance function. Let 2 be a domain in
R™ having a non-empty boundary 92. The distance function is defined by

d(x) = dist (z,09Q). (4.1)
The function d is uniformly Lipschitz continuous and there holds the inequality

|d(z) — d(y)| <[z —yl. (4.2)

Now let 9Q € C?. For y € 99, let v(y) and T, denote respectively the unit inner
normal to 02 at y and the tangent hyperplane to 02 at y.

The curvature of 9 at a fixed point yy € 0f) is determined as follows. By the
rotation of coordinates we can assume that z,, coordinate axis lies in the direction
v(yo). In some neighborhood N(yo) of yo, 9Q is given by z, = ¢(z’), where
¥ = (z1,...,20-1), ¢ € C*(T(yo) NN (y0)) and Ve(y) = 0. The curvature of
09 at yo is then described by orthogonal invariants of the Hessian matrix D?¢
evaluated at yo. The eigenvalues of D?p(y}), k1, ..., kn_1 are called the principal
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curvatures of 02 at yo and the corresponding eigenvectors are called the principal
directions of 90 at yo. The mean curvature of 90 at yq is given by

= Ag( yo (4.3)
By a further rotation of coordinates we can assume that the x1,...,x,_1 axes lie
along principal directions corresponding to K1, ..., Kp—1 at yo. The Hessian matrix

D2p(yg) with respect to the principal coordinate system at yo described above is
given by

D?¢(yp) = diag(k1, .-+, kn-1)-
Proposition 4.1. [I1I] Let Q be bounded domain of class C* for k > 2. Then
there exists a positive constant p depending on 2 such that d € C’“(F#), where
I, ={z€Q:d(z) < u} and for x €T, there exists y(z) € OQ such that

Vd(z) = v(y(z)). (4.4)

Proposition 4.2. [I1] Let Q be of class C* for k > 2. Let xg € T, yo € 9 be
such that |xo — yo| = d(xo). Then in terms of a principal coordinate system at yo,

we have
—R1 —Rn—-1

1—k1d 71— kp1d’
Lemma 4.3. Let 9Q € C?. For x € T, and y(x) € OQ there holds the equation

D?d(xg) = diag(

0). (4.5)

1 —ki(y(z))d

If for some xg € Q, the mean curvature of yo = y(xo) € 0N, is positive: then —d(x)
is subharmonic in some neighborhood of yo. In particular if Q is convex then the
function T, 3 x — —d(z) is subharmonic.

Proof. The equation (4.6) follows from (4.5) and (4.9) (it is a special case of the
relation (4.11) taking u(z) = z). If Q is convex then for every i x; > 0. Hence
A(—d(z)) > 0 and thus —d(z) is subharmonic. O

)
Ad(z) = ni @) (4.6)
i=1

Lemma 4.4. Let u:Q — Q be a K q.r. and x = —d(u(x)). Then
Vx| < |[Vu| < K2/ |Vy] (4.7)
in w1 (T,,) for u >0 such that 1/p > ko = max{|k;(z)| : 2 € 0Q,i =1,...,n—1}.
Proof. Observe first that Vd is a unit vector. From Vx = —Vd - Vu it follows that
Vx| < |Vd[[Vu| = [Vul.

To continue we need the following observation. For a non-singular matrix A we
have

mf |Az|? = inf (Az,Az) = inf <AtAx,x>

|| lz|=1 z[=1
=inf{\: 3z #0,A"Ax = Az}
=inf{\: 3z # 0, AA" Az = Az}
=inf{\: 3y #0, AA'y = \y} = ‘i?f |Atz|?.
z|=1
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Next we have Vy = —(Vu)" - Vd and therefore for z € u=*(I',,), we obtain
Vx| > ‘ilnfl |(Vu)e| = Ii?fl |Vue| = I(u) > K="Vl

The proof of (4.7) is completed.
([

Lemma 4.5. Let D and Q C R™ be open domains, and 9Q be a C? hypersurface
homeomorphic to S"~t. Let u : D — Q be a twice differentiable K quasiregular
surjective mapping satisfying the Poisson differential inequality. Let in addition
Xx(x) = —d(u(x)). Then there exists a constant a1 = C(a,b, K,Q) such that

[Ax(2)] < a1|Vx(2)]* +b

inu= (T, for some p > 0 with 1/p > ko = max{|k;(y)| 1y € 0i=1,....,n—1}.
If in addition u is harmonic and §) is convex then X is subharmonic for x € u=*(T,,).

Proof. Let y € 0). By the considerations taken in the begin of this section we can
choose an orthogonal transformation O, so that the vectors Oy(e;), i =1,...,n—1
make the principal coordinate system in the tangent hyperplane T, of 0f2, that
determine the principal curvatures of 9Q and Oy(e,) = v(y). Let 29 € B™.
Choose yo € I so that d(u(x)) = dist (u(zo),y0). Take IQ := 0,,0Q. Let
d be the distance function with respect to 9Q. Then d(u) = d(Oy,(u)) and
\(@) = —d(0,, (u(x))). Thus

Ax(z) = =Y D*d(Oy, (u()))(Oy, Vu(@)ei, Oy, Vu()e:)
i=1

(4.9)
— (Vd(u(z)), Au(z)) .
Next we have
| (Vd(u(x)), Au(z)) | < |Au| < a|Vul? +b. (4.10)
Applying
> D2d(0y, (w(20)))(Oyo (Vulo) )i, Oyy (Vulxo))e;)
i=1
- Z Z D 1d(Oy, (ulo))) Di(Oyyur)j(0) - Di(Oyyu)i(0)
T (4.11)
= Y D;sd(Oy, (u(0))) {(Oy, V(o)) e;, (O Vu(xo)) ex )
k=1
_ =« —Fi zo)) e, |2
=3 T OuTE el

Since the principal curvatures #; = k; are bounded by ko, combining (4.9)), (4.10),
(4.11) and (4.7), and using the relations
(O, V(o)) esl* = [(Vu(w0)) Ogeil* < [Vu(zo)|?,

we obtain for z € u=(T,,)

nKo

|Ax| < K¥"(a + ) Vx|? + b, (4.12)

1 — pkKo
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which is the desired inequality. (]

A K q.c. self-mapping f of the unit ball B™ need not be Lipschitz continuous.
It is holder continuous i.e. there hold the inequality

£ () = f(y)] < My(n, )|z —y[F" (4.13)

See [6] for the details. See [27] for the extension of the Mori’s theorem for domains
satisfying the quasihyperbolic boundary conditions as well as for quasiconvex do-
mains.

Under some additional conditions on interior regularity we obtain that a q.c.
mapping is Lipschitz continuous.

Theorem 4.6 (The main result). Let u : B" — Q be a twice differentiable quasi-
conformal mapping of the unit ball onto the bounded domain Q with C? boundary
satisfying the Poisson differential inequality. Then Vu is bounded and u is Lipschitz
continuous.

Proof. From Lemma [4.5
|Ax| < a1|Vx|? + by for z €T,,.

On the other hand, by a theorem of Martio and Nyakki ([30]) « has a continuous
extension to the boundary. Therefore for every z € S"~1, lim, ., x(y) = x(z) = 0.
Let ¥ be an C? extension of the function Xlzeu-1(r,) in B" (by Whitney theorem
it exists [39]). Let by = max{|Ax(z)|: 2 € B"\u }(',/2)}. Then

|AX| < a1|VX[? + b1 + bo.
Thus the conditions of Theorem are satisfied. The conclusion is that Vy is

bounded. According to (4.7) Vu is bounded in uw~*(I',) and hence in B™ as well.
The conclusion of the theorem now easily follows. O

Let w = P[f]. Let S = S(r,0) = S(r,¢,01,...,0,_2), 0 € [0,27] x [0, 7] x
-+ x [0, 7] be the spherical coordinates and let T'(8) = S(1,0). Let in addition
x = f(T'(#)) and n, be the normal on 0 defined by the formula n, = z, x xs, x
S X T Since f(S™~1) = 0Q it follows that

n, = n;|v, =D, - v, (4.14)

n—2"

where v, is the unit inner normal vector that defines the tangent hyperplane of 02
at z = f(T(9))
TPy ={y: (z —y,vs) =0}
Since € is convex it follows that
(x —y,vz) > 0 for every x € 00 and y € Q. (4.15)

Let in addition w(S(r,0)) = (y1,%1,---,Yn). Then in these terms we have the
following corollary.

Corollary 4.7. If u is a q.c. harmonic mapping of the unit ball onto a convex
domain Q with C? boundary, then:

Ju € L=(B"), (4.16)
Jo(t) = lim J,,(rt) € L>=(S"h), (4.17)
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and there hold the inequality

dist(u(0), 02)"
Ja(t) > TR

where K is the quasiconformality constant.

(4.18)

We need the following lemma.

Lemma 4.8. Let A:R" — R" be a linear operator such that A = [ai;li j=1,..n- If
A is K quasiconformal, then there hold the following double inequality

Kl_n|A|n_1|£L'1 X X.’En,1| < |A£L'1 X XA(En,1| < |A‘n_1|$1 X 'X{En,1|. (419)
Here x -+ X denotes the vectorial product. Both inequalities in (4.19) are sharp.

The author believes that the Lemma is well-known, and its proof is given in
the forthcoming author’s paper [24].

Proof. Since (in view of Theorem Vu = (Dju;)}';_; is bounded, every har-
monic mapping D;u; is bounded. Therefore there exists v; ; € L>(S™~!) such that
D;uj = Plv; ;]. Thus lim,_.; D;u;(rt) = v; ;(t) for every ¢,j. The relations (4.16)
and (4.17) are therefore proved. On the other hand since y; =u;0S5,j=1,...,n,
we have for a.e. t = S(1,6) € S"! the relations:

}Eyiw(r,e) =zi,(0), i € {1,...,n}, (4.20)
}Lnll Yig, (r,0) = xip,(0), i€ {1,....n}, j€{1,....,n—2}, (4.21)
and
lim y;,(r, ) = lim M ie{l,... n. (4.22)
r— r— — T

From (4.20), (4.21)), (4.22)) and (1.1) we obtain for a.e. t = S(1,0) € S*~1:

T1—Y1 T2—Y2 Tn—Yn
1—r 1—r e 1—r
$1¢ 1‘290 mm,
IIH% JuoS(Ta 9) = hrq T19, T2¢, Tno,
L10,,_> 20, , Lng,
r1 — fi(n) T — fnu(n)
I . In
1+r @ @
= lim —_ T1g . Tng do(n)
= e It P L
£19n72 P xn0n72
li L (f(T(0)) — f(n),nfor(T(0))) do(n)
= lim —_— —J\N),N¢or an)-
=1 Jgu-1 In = S(r,0)|" !
Using (4.15) and the inequality
1+7r 1

i >
e I T
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we obtain
lim Juos (1, 0) > 22591) /Sn,l (F(T0)) = f(n), va) do(n)
= DO (1), ) - (wl0). )
D, (6)

= St F(T(0)) = u(0), vz)

x(e) : n—1
= Fdlst (TPf(S(LQ)),u(O)>

> l;f@ dist (u(0), 992).

Thus for a.e. t = S(1,0) € S" !, we have

)

Juos (0 D, (0) dist(u(0), 00
JY(S(1,0)) = DTS((G)) > DT((O)) <2§7)1 ). (4.23)
From the left side of (4.19), using the inequality
[Vul™ > Ju(t)
we obtain
D KO K0
Combining the last inequality and we obtain . Il

4.2. An open problem. It remains an open problem whether every q.c. harmonic
mapping of the unit ball onto a domain with C? boundary is bi-Lipschitz continuous.
This question has affirmative answer for the plane case (see [25]).
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