ON THE NITSCHE CONJECTURE FOR HARMONIC
MAPPINGS IN R? AND R3

DAVID KALAJ

ABSTRACT. We give the new inequality related to the J. C. C. Nitsche conjec-
ture (see [5]). Moreover we consider 2 and 3 dimensional case. Let A(r,1) =
{z : r < |2| < 1}. Nitsche’s conjecture states that if there exists a univalent
harmonic mapping from an annulus A(r, 1) to an annulus A(s, 1), then s is at
most 2r/(r? + 1).

Lyzzaik’s result states that s < ¢ where t is the length of the Grétzsch’s
ring domain associated with A(r,1) (see [3]). Weitsman’s result states that
s < 1/(1+1/2(rlogr)?) (see [8]).

Our result for two dimensional space states that s < 1/(1 + 1/2log?r)
which improves Weitsman’s bound for all r, and Lyzzaik’s bound for r close
to 1. For three dimensional space states that s < 1/(r — logr).

1. INTRODUCTION AND AUXILIARY RESULTS

Let R"™ be the real n—space with the norm |jz|| = (31, 22)*/2 and basis
er = (1,0,...,0), ... e, = (0,...,0, )T If q,...,2, € R" are vectors x; =
Z;L:1 Zij€5, 1 =1,...,n then their vector product z; X --- x x,,_1 is defined as the
vector

€1 €2 T €n
Z11 Z12 T T1in

T=T1 X+ X Tp_1 = ,

In—-1,1 Tnpn-1,2 " ITn—1n
the determinant being developed w.r.t. the first line. The linear operator A : R" —
R™ is identified with matrices A = [a;;]; j=1,....n- Two norms of A are considered:

n

1A]] = sup{||Az|| : ||lz]| = 1}, and [|All2 = (Y a}))""*.

¥
i=1

Let © = > | wse;. Then Ax =Y | A(ze;) = > w;Ae;. Tt follows that

[Az]] < Y JzilllAeil| < Qa2 llAeil )2
i=1

i=1 i=1
n
= Jlz|l - Q_ai)"? = llzl] - 1 Alle.
=1

It follows at once that

(1.1) Al < [|All2-
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A twice differentiable mapping u defined between the domains £ and ' of the n
dimensional Euclidean space is called harmonic if it satisfies the differential equation
Au = Dyju+ -+ 4+ Dppu = 0. The set R = A(r1,r2) = {r1 < ||z|]| < 72}
(0 <r; <re <oo) we will call an annulus. We define the modulus m(R) of the
annulus R by the formula:
1 log" ™! (7‘2> ,
Wn—1 1

where w,, 1 is the n — 1 dimensional Lebesgue measure of the unit sphere S™~!.

With each doubly connected domain R in the complex plane there is associated
a unique number « > 1 such that R can be mapped one to one and conformally
onto an annulus whose outer and inner radii are in the ratio a : 1.

Let T be the family TV of Jordan rectrifiable arcs on R which connect the com-
ponents of connectivity of the set R¢ or the family I’ of Jordan rectrifiable curves
that separates the components of connectivity of the set R° if n = 2. Let p be a
positive integrable function defined on R such that the integral

Alp) = /R p"

is a positive real number. Then we say that p is an admissible metric. The family
of the admissible metrics we will denote by II. Extremal length of the family T,
with respect to metric p is defined by

L, = inf ds.
p=inf [pas

Proposition 1.1 (see [1] and [4]). If R = A(r1,r2) is an annulus and if m(R) is
the modulus of A(r1,72), then:

m(R) = m(A(ry,r2)) =

1.2) (R {infpen AL(f) ifn=2and T =T",
. m(R) = P

L .
sup e a5y L= I.

The relation (1.2) defines the modulus of an arbitrary doubly connected domain
R in R".

Lemma 1.2. Let A : R™ — R" be a linear operator such that A = [a;jli j=1,...n-
Then

(1.3) |Azy x - X Az || < A5 |21 X - X @]
Proof. Let
T = injej7 and let y; = Ax; = Zyijei forie{1,...,n—1}
j=1 j=1

Let A = [a;;] be the matrix defined by

=1,...,
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Then

n
Al‘l X oo X Axn,1 = E E EjX1,5, xn,lyj”ilAel X oo X Aei,1
i=1j5€Sn 4
XA6i+1 Xoee ><Aen

n
:§ : § : Ejml,jl'""xnfl,jnq(aliw"vani)

1=1 jESn i
n
— X . . i+1 4.
- Z Z SV E W T xn—lvjn—l(*l) Ae;
1=1 jESn
n
= E E €jxl7j1 . ...'In—lhjny_lAel >< o.oei_l X ei+1 X .onen
1=1jE€Sn;

t

= Ay X o+ X Tn_i,

where S, ; is the set of the permutations of the set {1,...,n} \ {i}, and ¢; is the
sign of the permutation j. Now, using the inequality (1.1), we obtain

14wy x -+ x Azl < [Allller x - x @notl] < [[A]lal 21 % - X ]

1/2
n
= > a; 21 X - X Tp1]|.
i,j=1
Next, we easily obtain that
1/2 1/2
n n n n
2&12] SZ Zd% ZZHAelxu-eri_leeHl><---><Aen||.
i,j=1 i=1 \j=1 i=1
It follows at once that
1/2
~ 2 2\ "5+ n—1
>y < ([[Aex]? + -+ + || Aenl]?) 2 =lA]l37"
ij=1
This completes the proof of the lemma. (I

If S =(51,52,...,5,) : R® — R"™ and if V denotes the gradient of the real
function, then we have S’ = (VSy,...,VS,).

Lemma 1.3. Let u be a harmonic mapping. Let uw = p- S, where p = ||u||. Then

(1.4) Ap = plIS'I.
Proof. Let u = (uy,us,...,u,) (here u; are real harmonic), and let S = (S, 52, ...,5,).
Since u; = pS;, i € {1,...,n} and consequently

p=>_ Siuj,
=1
we obtain:
(1.5) 0= Au; = ApS; + AS;p+2VpVS;, i € {1,...,%}

and
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i=1 i=1

From (1.5) we obtain

(1.7) Ap=Ap||SIP =" Si-ApSi=—p) SiAS; -2 S;Vp- VS,
=1 =1 =1
Adding (1.6) and (1.7) we obtain

n

Ap=> (VSi-Vu; — 8;Vp-VS) =p Y _||[VSi|J*.

=1 i=1

This completes the proof. (I

Let f be a function between A and B. By N(y, f) we denote the cardinal number
of f~1(y) if the last set is finite and we set N(y, f) = +o0 in the other case. The
function y — N(y, f) is defined on B. If f is surjective then N(y, f) > 1 for every
y € B. The following proposition hold.

Proposition 1.4. [6] Let U be an open subset of R™ and let f : U — R™ be C*
mapping. Then the function y — N(y, f) is measurable on R™ and

(18) N £)dy = [ 17 f)lds,
R™ U
where J(x, f) is the Jacobian of f.

Further, let h be a C! surjection from an n — 1 dimensional rectangle K™~! onto
the unit sphere S"~1. Let the function f be defined in the n dimensional rectangle
K" =1[0,1] x K" ! by f(r,u) = rh(u). Thus f is a C! surjection from K™ onto
the unit ball B™. It is easy to obtain the formula J(z, f) = r"~1Dj(u), where
x = (r,u) € K™, and D}, denotes the norm of the vector product
oh . Oh
8561 8a:n_1
According to Proposition 1.4 it follows that

1
L 1 = (B = / dy< [ Ny fdy
n n Bn

:/n |,](:z:,f)|d:c_/01r"1dr/Kn1 Dy (u)du = %/Knith(u)du.

Consequently we have

(1.9) /I("’l Dy (u)du > wp—1.

Dy

Proposition 1.5. Let u be a C* surjection between the spherical rings A(ry,72) and
A(s1,82), and let S = u/||ul|. Let P"~! be a closed n—1 dimensional hyper-surface
that separates the components of the set A°(ry,rs). Then

(1.10) / I1S|57 AP > wp_1,
pn—1
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and
(1.11) / IS5~ dA > (ra — r1)wn_1,
A(Tl,’r’z)

where w,_1 denote the measure of S*1.

Proof. Let K"~! be an n — 1-dimensional rectangle and let g : K"~! — P71 be
a parametrization of P"~!. Then the function S o g is a differentiable surjection
from K™~! onto the unit sphere S"~1. Then by (1.9) we have

An—l DSogdK > Wp-1-

According to Lemma 1.2 we obtain

dg(z)
81’1

Jg()

xS (gl 52 2

Dsog(z) = )

S'(g(x))

‘§H$@@MZ”DA@-
Hence we obtain
! n—1 _ / n—1
onr < [ IS @I Dy @) = [ IS o 0).

Thus we have proved (1.10). It follows that

o
/ \|S'||g—1dA=/ / 1S dS | dt > (ra — r1)wn s
A(ry,re) 1 Sn=1(0,t)

The proof of the theorem has been completed. O

Proposition 1.6. Let u = pe'® be a C' surjection between the rings A(ry,r) and
A(s1, s2) of the complex space. Then:

(1.12) / VO dzdy > 2rlog 2.
r1<]z[<ra T1

Proof. Because |VO| is an admissible metric, according to Proposition 1.1, we have

L Alp) 1
R) = inf — log 2
m(R) 5 L%(p) 2« 8

[ IVO]? dxdy

1.13 - >
(1.13) it er(f [VO[ dz])?

where R = A(ry,r2) and T is the subset of curves which separates the components
of connectivity of R®, and m(R) is the modulus of R.

Next, if y is Jordan curve, then the function © : v\ v(0) — (0, 27) is surjective.
According to (1.10) we obtain:

(1.14) /|V@||dz\ > or.
v

Observe that, in this case S = €© and ||S’|]2 = |VO|. (1.13) and (1.14) yield
(1.12). O



6 DAVID KALAJ

2. THE MAIN RESULT

Theorem 2.1. Let there be a harmonic surjection between the annular regions
A(ry,ra) and A(s1,s2) of R, n = 2,3, satisfying the conditions ||z|| — r; =
[lu(x)|| — si, i =1,2. Then

17..2 . _
52>{ L+35log"22 if n=2

ri

log22+2L  §if n=3

1 T2

2.1
(21) 2>

Note that if u is a harmonic homeomorphism then it satisfies the conditions of
the theorem.

Proof. Let u be a harmonic surjection between the corresponding annular regions.
For n > ng > max{2,1/(ro —r1)} let

sn=sup({|lyl| : y € A(s1,52) Ay & u(A(rs +1/n,73))} Ufs1}).

Ify € A(s1,s2) ANy & u(A(r1 +1/n,73)) then ||y|| < s, hence y & A(sp, s2). Conse-
quently A(sp,s2) C Bp, = u(A(r1+1/n,72)). The sequence s,, is decreasing. Hence
it is a convergent sequence. Consequently only one of the following statements hold:

(A) s, = s for every n > ng. Then there exists a sequence x,, : r1 < ||z,]] <
r1 + 1/n such that ||y,|| = ||u(zn)|| > s2 — 1/n. Since ||z,|| — r1 it follows that
[|u(zy)]| — s1. This is impossible.

(B) 51 < s, < 8o for every n > n/. Since u is a surjection it follows that there
exists a sequence x,, : 71 < ||zy|| < r1+1/n such that ||y,|| = ||u(z,)|| = sp. Since
l|zn|| — 71 it follows that ||u(z,)|| = sn — s1.

(C) There exist n”” € N such that s,, = s for every n > n”.

From (A), (B) and (C) we obtain lim,, . s, = s1.

Let (B) hold. For every n > n’, let &, = s,, — s1 such that s; + 4e,, < s2 and let
©n be a C? real function defined on (s1, s2) by

51 if 51 <8< 51+ 26,
o+ 2= (s — s2) if 51 +4e, <5< sy

where the function h,(t) satisfies the conditions: h] (¢t) > 0, and hl/(t) > 0. An
example of such function is the function

xT

s q
hn(s) = S1+M/ <fs1+zsn (t — 51— 2¢e,)(51 +4en — 1) dt) .

so =81 =40 Sy yoe, \ DT (E— 51— 26,) (51 + den — 1) dt

Here ¢ = g, is chosen such that h,(s; + 4€,,) = s1 + €,,. This is possible because
limg_s 400 hn(s1 + 4e,,) = s1 and
So— 81 —€n (81 +4en, — 81— 2¢e,)

h 4 -1 = > .
n(sl + 5n)|q 1 s$1+ 59 — 81 — 4571 9 S1+éen

It is obvious that

(2.2) 0<¢l(s)—1land 0 < ¢l (s) —0asn— oo

for every s € (s1, 82). Let p = ||u|| and let p,, be the function defined on {z : r; <

[|z[| < ra2} by pn() = @nlp(2)).
If (C) holds we can simply set p,(x) = p(x) and ¢, (z) = .
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Then
Apn(x) = @5 (p@)IVe(@)I]* + ¢, (p() Ap(z).
By (2.2) it follows at once that

App(x) = Ap(z) as n — oo

for every x € A(rq,rz). Similarly we obtain

aai;l(x) — %(:17) as n — 0o
uniformly on {x : ||z|| = r} for every r € (r1,72). Applying Green’s formula for p,
on {z:r +1/n <||z|| < r}, we obtain

/ 9pn g5 - 9pn g — Apy dV.
lall=r O lall=ri41/n 07 ri+1/n<|lal [ <r

Since the function p,, is constant in some neighborhood of the sphere ||z|| = r1+1/n,
it follows that

Ipn

/ 9Pn 45 = Ap,, dV.
Jlol|=r O ri+L /gl <7

Because of (1.4) and (2.2) it follows that the function Ap,, is positive for every n.
Hence, by applying Fatou’s lemma, letting n — co, we obtain

/ ik dS>/ Ap?dV.
elj=r O ri<|lel|<r

Next, by applying (1.4), (1.11) and (1.12), we obtain

9p>
/ . dS>/ Ap?dV = |Vl 2dV
llafj=r OF ri<lel|<r r<)zl<r
2ns1log = if n=2
> s s’ 2dv>{ PRSI
= 1/nS||:EISr| l2dV = dwsi(r—ry) if n=3

It follows that

9 2rsilog = if n=2
n—1 " > 1 ng
' a’“/lcn—lpdS(O{ dmcsy(r —ry) if n=3

Dividing by r"~! and integrating over [r1, 73] by r the previous inequality, we get

/ p(r2¢) dS(C) - / p(r1¢) dS(C)
[I¢]]=1 [I¢]]=1

mS1 log2 = if n=2
48y <log ol u) if n=3

T2T1
Dividing by 2s7 if n = 2 and by 4s;7 if n = 3 one gets
S 1 log2 ” if n=2
log — ’"QT—“ if n=3
2

Thus, the proof of the theorem has been completed. O

The following example justifies the Nitsche conjecture.
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Example 2.2. Let R = A(r,1) and let R’ = A(s,1). Then the function

1—rs rs—r21
2.3 = -
(2.3) 1) 1-r2° T 123
is a harmonic diffeomorphism between R and R’ if and only if
2r
2.4 < .
(24) =142

Moreover under the same condition the function u(z) = f(z™) satisfies the con-
ditions of Theorem 2.1 and maps the annulus R = A({/r,1) onto the annulus

1
R = A(s,1). From (2.4) it follows that s <

————— (see the followin,
- 1+1/2log2(/77 ( &

remark).

Remark 2.3. a) The inequality of Nitsche’s conjecture is better than the inequal-
ities obtained in this paper. It can be seen by the following. We have to prove the
inequality

2r 1

< .
1+7r2 — 1+%log27°

With 7 = 42, the previous inequality is equivalent to

1
f(u) =——u+2logu > 0.
u

Because of f'(u) = — (1_7“)2 < 0 and f(1) = 0 we deduce at once that f(u) >0
and inequality is proved. Similarly we can prove the inequality
2r 1

< .
1+7r2 = r—logr

Thus the Nitsche conjecture makes sense for 3 dimensional case, and it would be
interesting to construct the corresponding canonical harmonic homeomorphism as
in (2.3).

b) On the other hand the inequality obtained in this paper is better than Lyz-
zaik’s inequality if the modulus of the domain is close to 0 and this fact easy follows
from the inequalities obtained in [4] for the function u(t), defined as modulus of
the Grotzsch’s ring domain R = {z: |z| < 1} \ [0, ¢].

¢) In [5], has been observed that if there exists a harmonic diffeomorphism be-
tween two ring domains in the space, then the modulus of co-domain cannot be
small enough. The question arise which inequality hold for n—dimensional Euclid
space, n > 3.

The following examples shows that the converse inequality to inequality (2.1)
does not hold. Moreover, there are harmonic diffeomorphisms between the annulus
A(1,2) and the arbitrarily large module annulus.

Example 2.4. Let f: A(1,2) — A(1,2") be the function defined by f(z) = 2".
Then f satisfies the condition of the Theorem 2.1 and m(A(1,2")) = n-m(A(1,2)).

Example 2.5. Let f: A(1,2) — A(0,1) be the function defined by

f(z)z?)(z—i).

Then f is a harmonic diffeomorphism.
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