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We prove a theorem for harmonic diffeomorphisms between the unit disc and a convex Jordan domain, which
is a generalization of Heinz theorem [E. Heinz (1959). On one-to-one harmonic mappings. Pacific J. Math., 9,
101–105] for harmonic diffeomorphisms of the unit disc onto itself. We give a number of corollaries of the
theorem we prove.
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1. INTRODUCTION AND AUXILIARY RESULTS

A complex valued function w ¼ uþ i v, defined in a domain � � C, is called a
harmonic function if u and v are real valued harmonic functions. If � is simply-
connected, then there are analytic functions g and h defined on � such that w has
the representation

w ¼ gþ h ¼
X1
n¼0

anz
n þ

X1
n¼0

bn z
n:

If w is a harmonic univalent function, then by Lewy’s Theorem [10], w has a
non-vanishing Jacobian and consequently, according to the inverse mapping theorem,
w is a diffeomorphism.
Let w be a sense preserving harmonic diffeomorphism. Then the function

aðzÞ ¼
h 0ðzÞ

g 0ðzÞ
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is called the dilatation of the harmonic function w. Observe that a is an analytic func-
tion satisfying the inequality jaðzÞj < 1. If there exists k < 1 such that jaðzÞj < k on �,
then we say that w is a quasiconformal function. We denote by QCH the family of
harmonic quasiconformal functions.
In this article we will study the function

DðwÞðzÞ ¼ jwzðzÞj
2 þ jw zðzÞj

2:

This function is square of the norm of the first differential, and it coincides with
the square of the modulus of the complex derivative if the function w is analytic.
Heinz [8] proved that if w is a harmonic diffeomorphism of the unit disk onto itself
satisfying the condition wð0Þ ¼ 0 then:

DðwÞ 	
1

� 2
:

We shall generalize the result of Heinz under the assumption that the domain of w is
the unit disk and the range of w is an arbitrary convex domain.
Let

Pðr, � 
 ’Þ ¼
1
 r 2

2�ð1
 2r cosð� 
 ’Þ þ r 2Þ

denote the Poisson kernel. Then every bounded harmonic function w defined in the unit
disc has the representation

wðzÞ ¼ P½ g�ðzÞ ¼

Z 2�

0

Pðr, � 
 ’Þgðei�Þ d�, ð1:1Þ

where g is a bounded integrable function defined on the unit circle.
Throughout this article � denotes a convex domain containing 0, and � denotes its

boundary. Next U denotes the unit disc and S1 denotes the unit circle. We now state a
well-known theorem which plays an important role in the sequel.

PROPOSITION 1.1 (Choquet–Rado–Kneser) [4] Let � be a convex Jordan curve in C. Let
g be a homeomorphism from the unit circle S1 onto the convex Jordan curve �. Then the
function wðzÞ ¼ P½ g�ðzÞ is a harmonic diffeomorphism of the unit disc U onto the Jordan
domain int �.

Let � ¼ @� be a smooth convex Jordan curve in C such that 0 2 �. We will establish
some properties of �. Let ’ ! rð’Þei ’ be the polar parametrization of �. The tangent t’
at � ¼ rð’Þei ’ is defined by

y ¼ rð’Þei ’ þ ðr 0ð’Þ þ irð’ÞÞei ’ðx
 rð’Þei ’Þ:
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The angle 	’ between � and the positive oriented tangent at � is defined by

cos	’ ¼
hrð’Þei ’, ðr 0ð’Þ þ irð’ÞÞei ’i

rð’Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r 2ð’Þ þ r 0 2ð’Þ

p ¼
r 0ð’Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r 2ð’Þ þ r 0 2ð’Þ
p : ð1:2Þ

Hence

sin 	’ ¼
rð’Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r 2ð’Þ þ r 0 2ð’Þ
p :

Consequently

cot 	’ ¼
r 0ð’Þ

rð’Þ
: ð1:3Þ

Let d ’ ¼ distðt’, 0Þ be the distance of t’ from the origin. Then

d ’ ¼ rð’Þ sin 	’: ð1:4Þ

Let n’ be the normal line to the line t’ that passes through the origin. Since � is a convex
curve, it follows that � lies to the left of the positive oriented tangent. Hence n’ cuts � at
some point 
ð�’Þ expði�’Þ that lies between t’ and the origin. Thus, we have

rð’Þ 	 d’ 	 rð�’Þ: ð1:5Þ

Let ’� be defined by


� ¼ distð�, 0Þ ¼ min
z2�

jzj ¼ rð’�Þ:

Then by (1.5) it follows that �’� ¼ ’� . Thus, we deduce the following theorem.

THEOREM 1.2 Let � ¼ @� be a convex Jordan curve in C such that 0 2 �. Let ’ !

rð’Þei ’ be the polar parametrization of the convex curve �. Let d’ ¼ distðt’, 0Þ be the
distance of t’ from the origin. Then there is ’� 2 ½0, 2�Þ such that

d ’ 	 d’� ¼ rð’�Þ ¼ distð�, 0Þ ð1:6Þ

for all ’ 2 ½0, 2�Þ.

Let g : S1 ! � be a continuous locally injective function from the unit circle S1 onto
the convex Jordan curve �. Then

Fð’Þ ¼ 
ð’Þeif ð’Þ ¼ gðei ’Þ, ’ 2 ½0, 2�Þ

is a parametrization of � which represents g. If g is a orientation preserving then f
obviously is monotone increasing. Suppose that F is differentiable. Let ’ ! rð’Þei ’
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be the polar parametrization of �. Since rð f ð’ÞÞ ¼ 
ð’Þ, we deduce that 
 0ð’Þ ¼
r 0ð f ð’ÞÞ � f 0ð’Þ. Hence

r 0ð f ð’ÞÞ ¼

 0ð’Þ

f 0ð’Þ
: ð1:7Þ

The following lemma gives an important property of convex curves.

LEMMA 1.3 Let � be a convex Jordan curve in C. Let

½0, 2�Þ 3 ’ ! Fð’Þ ¼ 
ð’Þeif ð’Þ 2 �

be a locally injective differentiable parametrization of �. Then

Kðx, ’Þ ¼ 
 2ð’Þ f 0ð’Þ 
 
 0ð’Þ
ðxÞ sinð f ð’Þ 
 f ðxÞÞ


 
ð’Þ
ðxÞ f 0ð’Þ cosð f ð’Þ 
 f ðxÞÞ 	 0 ð1:8Þ

for all ’, x 2 ½0, 2�Þ.

Proof Let � ¼ 
ð’Þeif ð’Þ and let y ¼ 
ðxÞeif ðxÞ. Now, let n� be the outer normal of the
curve � at �. Since the function f is monotone increasing, it follows that

n� ¼ 
i � �’ð’Þ ¼ 
i � ð
 0ð’Þ þ i
ð’Þf 0ð’ÞÞeif ð’Þ:

Since � is convex, it follows that

h� 
 y, n�i 	 0:

Then the inequality of the lemma easily follows. g

The inequality (1.8) will be used in the proof of our main theorem (see Theorem 2.2).

2. THE MAIN RESULTS

Throughout this section, we will use the notations

wzðe
i ’Þ :¼ lim

r!1
wzðre

i ’Þ and wzðe
i ’Þ :¼ lim

r!1
wzðre

i ’Þ

if the limits exist.

LEMMA 2.1 Let w ¼ uþ iv be a differentiable function defined in a domain � � C. Then:

Jwðre
i ’Þ ¼ uxvy 
 uyvx ¼ jwzj

2 
 jwzj
2 ¼

1

r
ðurv’ 
 u’vrÞ,

and

DðwÞ ¼ jwzj
2 þ jw zj

2 ¼
jwrj

2

2
þ
jw’j

2

2r 2
:
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Proof From

wr ¼ ei ’wz þ e
i ’w z and w’ ¼ irðei ’wz 
 e
i ’w zÞ,

we have

wz ¼ e
i ’ wr 
 i
w’

r

� �
and w z ¼ ei ’ wr þ i

w’

r

� �
:

Hence,

jwzj
2 
 jw zj

2 ¼
1

r
ðurv’ 
 u’vrÞ,

and

jwzj
2 þ jw zj

2 ¼
jwrj

2

2
þ
jw’j

2

2r 2
: )

We are now ready to state the main result of this article.

THEOREM 2.2 Let � ¼ @� be a convex Jordan curve in C such that 0 2 �. Let g : S1 ! �
be a C 2 homeomorphism of the unit circle onto �. Let wðzÞ ¼ P½ g�ðzÞ and let wð0Þ ¼ 0.
If Fð’Þ ¼ 
ð’Þeif ð’Þ ¼ gðei ’Þ, then

lim
r!1

DðwÞðrei ’Þ 	
jF 0ð’Þj 2

2
þ
1

8

 2
� ð2:1Þ

for all ’ 2 ½0, 2�Þ and

DðwÞðzÞ 	 1
16 


2
� ð2:2Þ

for all z 2 U. Here 
� denotes minz2� jzj.

Proof Because of Lemma 2.1, we have

DðwÞ ¼
1

2
u 2
r þ v 2r þ

u 2
’ þ v 2’
r 2

 !
: ð2:3Þ

On the other hand, the assumption F 2 C 2 implies that w’ and wr have continuous
extensions to the boundary. (See [6,9].)
Hence, the following limit relations hold:

lim
r!1

u’ðre
i ’Þ ¼ u’ðe

i ’Þ ¼ 
 0ð’Þ cos f ð’Þ 
 
ð’Þ f 0ð’Þ sin f ð’Þ, ð2:4Þ
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lim
r!1

v’ðre
i ’Þ ¼ v’ðe

i ’Þ ¼ 
 0ð’Þ sin f ð’Þ þ 
ð’Þ f 0ð’Þ cos f ð’Þ, ð2:5Þ

lim

!1

urð
e
i ’Þ ¼ lim

r!1

uðrei ’Þ 
 uðei ’Þ

r
 1
, ð2:6Þ

lim

!1

vrð
e
i ’Þ ¼ lim

r!1

vðrei ’Þ 
 vðei ’Þ

r
 1
: ð2:7Þ

By exploiting the representation (1.1), (2.3)–(2.7) and Fubini’s theorem, we have:

lim
r!1

DðwÞðrei ’Þ ¼
1

2
lim
r!1

u 2
r þ v 2r þ

u 2
’ þ v 2’
r 2

 !

¼ 1
2 ð


0 2ð’Þ þ 
 2ð’Þf 0 2ð’ÞÞ þ 1
2 limr!1ðu

2
r þ v 2r Þ

¼ Lþ
1

2
lim
r!1

Z 2�

0

Z 2�

0

½
ð’Þ cos f ð’Þ 
 
ðxÞ cos f ðxÞ�

� ½
ð’Þ cos f ð’Þ 
 
ð yÞ cos f ð yÞ�
Pðr, x
 ’ÞPðr, y
 ’Þ

ð1
 rÞ 2
dx dy

þ
1

2
lim
r!1

Z 2�

0

Z 2�

0

½
ð’Þ sin f ð’Þ 
 
ðxÞ sin f ðxÞ�

� ½
ð’Þ sin f ð’Þ 
 
ð yÞ sin f ð yÞ�
Pðr, x
 ’ÞPðr, y
 ’Þ

ð1
 rÞ 2
dx dy

¼ Lþ
1

2
lim
r!1

Z 2�

0

Z 2�

0

½
ð’Þ 
 
ðxÞ cosð f ð’Þ 
 f ðxÞÞ�

� ½
ð’Þ 
 
ð yÞ cosð f ð’Þ 
 f ð yÞÞ�
Pðr, x
 ’ÞPðr, y
 ’Þ

ð1
 rÞ 2
dx dy

þ
1

2
lim
r!1

Z 2�

0

Z 2�

0


ðxÞ sinð f ð’Þ 
 f ðxÞÞ

� 
ð yÞ sinð f ð’Þ 
 f ð yÞÞ
Pðr, x
 ’ÞPðr, y
 ’Þ

ð1
 rÞ 2
dx dy

¼ Lþ
1

2
lim
r!1

Z 2�

0

½
ð’Þ 
 
ðxÞ cosð f ð’Þ 
 f ðxÞÞ�
Pðr, ’
 xÞ

1
 r
dx

	 
 2

þ
1

2
lim
r!1

Z 2�

0


ðxÞ sinð f ð’Þ 
 f ðxÞÞ
Pðr, ’
 xÞ

1
 r
dx

	 
 2

¼ Lþ 1
2 limr!1ððaþ �bÞ 2 þ b 2Þ,

where

a ¼

Z 2�

0


ð’Þ 
 
ðxÞ cosð f ð’Þ 
 f ðxÞÞ 


 0ð’Þ
ðxÞ


ð’Þf 0ð’Þ
sinð f ð’Þ 
 f ðxÞÞ

	 


�
Pðr, ’
 xÞ

1
 r
dx,
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� ¼

 0ð’Þ

f 0ð’Þ
ð’Þ
, L ¼ 1

2 
 0ð’Þ 2 þ 
 2ð’Þf 0 2ð’Þ
� �

,

and

b ¼

Z 2�

0


ðxÞ sinð f ð’Þ 
 f ðxÞÞ
Pðr, ’
 xÞ

1
 r
dx:

Then we have

ðaþ �bÞ 2 þ b 2 ¼ a 2 þ � 2b 2 þ 2�abþ b 2

¼ a 2 þ ð� 2 þ 1Þ b 2 þ
2�ab

1þ � 2

	 


¼ a 2 þ bþ
�a

1þ � 2

	 
 2

ð� 2 þ 1Þ 

� 2a 2

1þ � 2

¼
1

1þ � 2
a 2 þ bþ

�a

1þ � 2

	 
 2

ð� 2 þ 1Þ

	
a 2

1þ � 2
¼

1

1þ � 2

Z 2�

0

Kðx, ’Þ


ð’Þf 0ð’Þ

Pðr, ’
 xÞ

1
 r
dx

	 
 2

:

Here Kðx, ’Þ denotes the function defined in (1.8). K is positive because the range
� ¼ int � is convex. Consequently, the integrand in the last integral is positive.
On the other hand

Pðr, ’
 xÞ

1
 r
	

1

4�
:

Since wð0Þ ¼ 0, we have

a 2

1þ � 2
	

1

1þ � 2

Z 2�

0

Kðx, ’Þ


ð’Þ f 0ð’Þ

dx

4�

	 
 2

	
1

1þ � 2

Z 2�

0


ð’Þ
dx

4�

	 
 2

¼
1

1þ � 2


 2ð’Þ

4
:

Consequently,

lim
r!1

DðwÞðrei’Þ 	
1

2
ð
 0 2ð’Þ þ 
 2ð’Þf 0 2ð’ÞÞ þ

1

8


 2ð’Þ

1þ 
 0ð’Þ=f 0ð’Þ
ð’Þð Þ
2
:

Since the function ’ ! Fð’Þ is differentiable, Eqs. (1.3) and (1.7) imply that


 0ð’Þ

f 0ð’Þ
ð’Þ

	 
 2

¼ cot 2	f ð’Þ,

where 	f ð’Þ has been defined in (1.2).
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Then by Theorem 1.2 and (1.4), it follows that

DðwÞðei’Þ 	
jF 0ð’Þj 2

2
þ


 2ð’Þ

8ð1þ cot 2	f ð’ÞÞ

¼
jF 0ð’Þj 2

2
þ

r 2ð f ð’ÞÞ sin 2 	f ð’Þ

8
	

jF 0ð’Þj 2

2
þ
1

8

 2
� :

Thus we have proved (2.1). We now turn to the proof of (2.2). Since

@

@’
wðzÞ ¼ izwzðzÞ 
 i zw zðzÞ ¼ P½F 0�ðzÞ,

it follows that jF 0ð’Þj 2 	 ðjwzðe
i ’Þj 
 jw zðe

i ’ÞjÞ
2: Then by inequality (2.1), we obtain

jwzðe
’Þj 2 þ jw zðe

’Þj 2 þ 2jwzðe
’Þw zðe

’Þj 	 1
4 


2
� :

Hence

jwzðe
’Þj þ jwzðe

’Þj 	 1
2 
�:

Since g is a homeomorphism, Proposition 1.1, implies that w is a univalent harmonic
function. According to Lewy’s theorem, we conclude that the Jacobian of the harmonic
function w is positive on the unit disc. Consequently

jwzðe
i ’Þj 	 1

4 
�:

Since the analytic function wz is non-vanishing on U, we have

jwzðre
i ’Þj 	 1

4 
� ,

by the minimum principle. Finally, we deduce that

DðwÞðzÞ 	 1
16 


2
� ,

for every z 2 U and thus the proof is complete. g

Remark 2.3 In the proof of the first inequality of Theorem 2.2 we have used the fact
that F is a differentiable parametrization of the Jordan curve � satisfying condition

Kðx, ’Þ ¼ 
 2ð’Þ f 0ð’Þ 

@

@’
ð
ð’Þ
ðxÞ sinð f ð’Þ 
 f ðxÞÞÞ 	 0:
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We note that the last inequality holds by virtue of local injectivity of F. Thus by follow-
ing the proof of Theorem 2.2, we may deduce the following theorem.

THEOREM 2.4 Let � ¼ @� be a convex Jordan curve in C such that 0 2 �. Let
Fð’Þ ¼ 
ð’Þeif ð’Þ be a C 2 locally injective function from ½0, 2�Þ onto �. Next, let
w ¼ P½F �ðzÞ be the Poisson integral of the function F. Then:

DðwÞðei ’Þ ¼ lim
r!1

DðwÞðrei ’Þ 	
jF 0ð’Þj 2

2
þ
1

8

 2
�

where 
� ¼ minz2� jzj.

We note that in Theorem 2.4, w is not necessarily univalent.
The question arises whether the main theorem holds for an arbitrary harmonic

diffeomorphism. The answer to this question is positive. Indeed, the next theorem
holds.

THEOREM 2.5 Let � be a convex domain in C containing the origin. Let w: U ! � be a
harmonic diffeomorphism of the unit disc onto �. If wð0Þ ¼ 0, then

DðwÞðzÞ 	 1
16 


2
� , ð2:8Þ

where � ¼ @�, 
� ¼ minz2� jzj.

Proof Let h : U ! � be the Riemann mapping; i.e., the conformal mapping of the
unit disc onto the convex domain � such that hð0Þ ¼ 0 and h 0ð0Þ > 0. Since � is
convex we have

Re
zh 00ðzÞ

h 0ðzÞ

	 

	 
1:

Next, let hrðzÞ ¼ hðrzÞ: Then

zh00r ðzÞ

h0rðzÞ
¼

zrh 00ðzrÞ

h 0ðzrÞ
:

Hence

Re
zh 00

r ðzÞ

h
0

rðzÞ

	 

	 
1:

Thus, we conclude that hðrS1Þ is a convex analytic curve on � for every r 2 ð0, 1Þ. Let
�n ¼ hððn=nþ 1ÞUÞ, and Dn ¼ w
1ð�nÞ. Let gn be a Riemann mapping from the unit
disc onto Dn (we may suppose that 0 2 Dn for large enough n). Let wn ¼ w � gn.
Then wn is a harmonic diffeomorphism from the unit disc onto the convex Jordan
domain �n. Let �n ¼ @�n. By applying Theorem 2.2, we conclude

DðwnÞðzÞ 	
1
16 


2
�n
, ð2:9Þ
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because w and gn, n 2 N have C1 differentiable extensions to the boundary (see for
example [3]).
By applying the theorem on normal families of analytic functions, we see that there

exists a subsequence ðgnk
Þ of the sequence ðgnÞ which converges uniformly on every

compact set to an analytic function g such that gð0Þ ¼ 0. Since

w: jwj � 1

1

nk


 �
� Dnk � fw: jwj < 1g

Schwarz’s lemma implies that

1

1

nk

	 

jzj � jgnk

ðzÞj < jzj:

Consequently, g is an analytic univalent function from the unit disc onto itself satisfying
the conditions gð0Þ ¼ 0 and g 0ð0Þ > 0. Therefore, g ¼ Id. Consequently, the sequence
g0nk converges uniformly to the function g 0ðzÞ ¼ 1 on every compact set. On the other
hand, the sequence 
�n converges to 
� . By the inequality (2.9) and by the equality

Dðwnk
Þ ¼ jg0nk ðzÞj

2Dðw � gnk Þ,

we obtain

DðwÞðzÞ ¼ lim
k!1

Dðwnk
ÞðzÞ 	 1

16 

2
�

for every z : jzj < 1. g

Remark 2.6 The conditions wð0Þ ¼ 0 and 0 2 int � can be omitted. Indeed, by setting
w1ðzÞ ¼ wðzÞ 
 wð0Þ, the problem is reduced to the previous case.
We now estimate the function DðwÞ under the assumption that w is a harmonic

quasiconformal mapping. We do so by means of the following.

COROLLARY 2.7 Let � be a convex domain containing the origin. Let w be a harmonic
k-quasiconformal function from the unit disc U onto �, such that wð0Þ ¼ 0. Then

DðwÞðzÞ 	
1

4ð1þ 2kþ k 2Þ

 2
� , ð2:10Þ

where 
� is the distance of � ¼ @� from the origin.

Proof We divide the proof in two steps.

Step 1 Assume that w ¼ P½F �, where F is a twice continuously differentiable function.
Then by Theorem 2.5, we have

DðwÞðei ’Þ 	
jF 0ð’Þj 2

2
þ
1

8

 2
� :
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The function

@

@’
wðzÞ ¼ iðzwzðzÞ 
 zwzðzÞÞ ¼ P½F 0�ðzÞ, ðz ¼ rei ’Þ,

has a continuous extension to the boundary. Hence, we have:

jF 0ð’Þj 2 ¼ lim
r!1

���� @@’wðzÞ

����
2

	 ðjwzðe
i ’Þj 
 jwzðe

i ’ÞjÞ
2:

As in the proof of Theorem 2.2, we obtain jwzðe
i ’Þj þ jwzðe

i ’Þj 	 ð1=2Þ
�: Since w is
k-quasiconformal, we also have

lim
r!1

jwzðre
i ’Þj 	

1

2ð1þ kÞ

�:

Since wz is a non-vanishing analytic function we deduce that

jwzðzÞj 	
1

2ð1þ kÞ

� ð2:11Þ

for all z 2 U.

Step 2 Let w be an arbitrary k-quasiconformal harmonic mapping from the
unit disc onto the domain �. Then as in the proof of Theorem 2.5, we construct
the sequence fwng of harmonic diffeomorphisms, which have twice continuously
differentiable extensions to the boundary and which are k-quasiconformal mappings.
The functions wn are k-quasiconformal because w is k-quasiconformal mapping.
Thus, the sequence fwng converges uniformly to the function w on every compact
set, and the sequence 
�n tends to 
� . On the other hand, the sequence of the
analytic functions wnz converges uniformly to wz on every compact set. Hence the
inequality (2.11) holds for an arbitrary k-quasiconformal harmonic mapping w.
From inequality (2.11) it follows that

DðwÞðzÞ 	
1

4ð1þ 2kþ k 2Þ

 2
� ,

which yields the conclusion. g

Observe that in the case of the unit disk, the last inequality of the previous proof has
the form

DðwÞðzÞ 	
1

4ð1þ 2kþ k 2Þ
:

This inequality is better than the inequality of Heinz if k is close to 0.
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COROLLARY 2.8 Let � be a convex domain in C containing the origin. Let w be a
conformal mapping of the unit disc onto � such that wð0Þ ¼ 0. Then for all z 2 U, we have

jw 0ðzÞj > 
�=2, ð2:12Þ

where 
� is the distance of � ¼ @� from the origin.

The following statement is an immediate corollary of the previous statement.

COROLLARY 2.9 Let � be a convex domain in C containing the origin. Let w be a
conformal mapping of � onto the unit disc U such that wð0Þ ¼ 0. Then

jw 0ðzÞj < 2=
� ,

where 
� is defined above.

The following statement follows at once from Theorem 2.5.

COROLLARY 2.10 Let

w ¼ hðzÞ þ gðzÞ ¼
X1
n¼1

anz
n þ

X1
n¼1

bn z
n

be a harmonic diffeomorphism of the unit disc onto a convex domain � � C. Then

ja1j
2 þ jb1j

2 	 1
16 


2, ð2:13Þ

where 
 ¼ distð@�, 0Þ.

The following example shows that the condition of convexity is important.

Example 2.11 The function wðzÞ ¼ ðzþ 1Þ 2 
 1 is a conformal mapping between the
unit disc and the Jordan domain wðU Þ which is not convex, and which satisfies
w 0ð
1Þ ¼ 0. Hence, the inequality (2.12) does not hold for non-convex domains.
The next example shows that the inequality (2.12) is sharp.

Example 2.12 Let n 2 N. Then the function wn defined by

wnðzÞ ¼
ðnþ 1Þzþ n

nþ 1þ nz



n

nþ 1

is a conformal mapping between the unit disc U and the disc

Un ¼ U 

n

nþ 1
¼ int �n

and satisfies the conditions

wnð0Þ ¼ 0 and w 0
nð1Þ ¼

1

2nþ 1
	
1

2

�n ¼

1

2ðnþ 1Þ
:
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Moreover, the mapping wðzÞ ¼ limn!1ðnþ 1ÞwnðzÞ ¼ 2z=1þ z is a conformal mapping
of the unit disk onto the half-plane x < 1 with w 0ð1Þ ¼ 1=2. Thus the constant 1=2 in
(2.12) is the best possible.
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