HARMONIC MAPS BETWEEN ANNULI ON RIEMANN
SURFACES

DAVID KALAJ

ABSTRACT. Let ps; = h(|z|?) be a metric in a Riemann surface ¥, where h
is a positive real function. Let H,, = {w = f(z)} be the family of univalent
ps. harmonic mapping of the Euclidean annulus A(r1,1) := {z:r1 < |2| < 1}
onto a proper annulus Ay, of the Riemann surface ¥, which is subject of some
geometric restrictions. It is shown that if Ay, is fixed, then sup{ri : H,, #
0} < 1. This generalizes the similar results from Euclidean case. The cases
of Riemann and of hyperbolic harmonic mappings are treated in detail. Using
the fact that the Gauss map of a surface with constant mean curvature (CMC)
is a Riemann harmonic mapping, an application to the CMC surfaces is given
(see Corollary. In addition some new examples of hyperbolic and Riemann
radial harmonic diffeomorphisms are given, which have inspired some new J.
C. C. Nitsche type conjectures for the class of these mappings.
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1. INTRODUCTION AND PRELIMINARIES

It is well known that an annulus A(ry,1) := {z : 71 < |z| < 1} can be mapped
conformally onto an annulus A(p,1) = {w : ¢ < |w| < 1} if and only if r; = p, i.e.
if they have the same modulus. If f is K-quasiconformal, then 7 < p < r;/ K (3]
p. 38]. However, if f is neither conformal nor quasiconformal, then g is possibly
zero, as with the harmonic mapping

z—ri/Z

()= =735

2
1—rf

which can easily be shown to map A(r1, 1) univalently onto the punctured unit disc
A(0,1).
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J. C. C. Nitsche [18] by considering the complex-valued univalent harmonic func-
tions
_ro—1 r%—rlgl
f(z)ir%—l r?—1 7z’

showed that an annulus r; < |z| < 1 can then be mapped onto any annulus ¢ <
|w] < 1 with

< 27“1
e=17 r?’

J. C. C. Nitsche conjectured that, condition is necessary as well.

He also showed that ¢ < go for some constant gy = go(r1) < 1. Thus although
the annulus 1 < |z| < 1 can be mapped harmonically onto a punctured disk, it
cannot be mapped onto any annulus that is “too thin”. A. Lyzzaik [I5] recently
gave a quantitative bound for gy, showing that gy < s if the annulus r; < |2| < 1
is conformally equivalent to the Grétzsch domain consisting of the unit disk minus
the radial slit 0 < z < s. Weitsman in [26] showed that

(1.1)

0SS — T ———>>
1+ %(rl logry)?

an improvement on Lyzzaik’s result when o is near 1. The author in [10] improved
Weitsman’s bound for all ¢ showing that

0= 1—|—%10g2r1'

Very recently, in [§] is proved the Nitsche conjecture when the domain annulus
is not too wide; explicitly, when log % < 3/2. For general A(rq,1) the conjecture is
proved under the additional assumption that either h or its normal derivative have
vanishing average on the inner boundary circle.

In general, however, this remains an attractive unsettled problem. See also [2],
[B], [21], [11] and [9] for a related topic.

Zheng-Chao Han in [24] obtained a similar result for hyperbolic harmonic map-
pings from the unit disk onto the half-plane.

In this paper we consider the situation when the metric is negatively curved or
is positively curved uniformly. Notice that the Euclidean metric has a vanishing
Gauss curvature.

By U we denote the unit disk {z : |z| < 1}, by C is denoted the extended complex
plane. Let 3 be a Riemannian surface over a domain C of the complex plane or over
C and let p : C +— X be a universal covering. Let px be a conformal metric defined
in the universal covering domain C' or in some chart D of . It is well-known that
C can be one of three sets: U, C and C. Then the distance function is defined by

dlat) = int [ onGOIF O

a,be

where 4, 7(0) = 0, is a lift of v, i.e. p(3(t)) = ~(t), v(0) = a, v(1) = b.
The Gauss curvature of the surface (and of the metric pyx) is given by

Alog ps
o
In this paper we will consider those surfaces ¥, whose metric have the form

K=-—
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ps(2) = h(|z?),
defined in some chart D of ¥ (not necessarily in the whole universal covering sur-
face). Here h is an positive twice differentiable function. We call these metrics
radial symmetric.

1.1. Riemann surfaces with radially symmetric metrics. A Riemann surface
does not come equipped with any particular Riemannian metric. However, the
complex structure of the Riemann surface does uniquely determine a metric up to
conformal equivalence. (Two metrics are said to be conformally equivalent if they
differ by multiplication by a positive smooth function.) Conversely, any metric on
an oriented surface uniquely determines a complex structure, which depends on
the metric only up to conformal equivalence. Complex structures on an oriented
surface are therefore in one-to-one correspondence with conformal classes of metrics
on that surface. Within a given conformal class, one can use conformal symmetry
to find a representative metric with convenient properties. In particular, there is
always a complete metric with constant curvature in any given conformal class. We
begin by the case of metrics with negative curvature.

1.1.1. Hyperbolic metrics. For every hyperbolic Riemann surface, the fundamental
group is isomorphic to a Fuchsian group, and thus the surface can be modeled by a
Fuchsian model U/T, where U is the unit disk and I' is the Fuchsian group ([I]). If
Q) is a hyperbolic region in the Riemann sphere C; i.e., 2 is open and connected with
its complement Q¢ := C \ Q possessing at least three points. Each such Q carries a
unique maximal constant curvature —1 conformal metric A|dz| = Aq(z)|dz| referred
to as the Poincaré hyperbolic metric in 2. The domain monotonicity property, that
larger regions have smaller metrics, is a direct consequence of Schwarz’s Lemma.
Except for a short list of special cases, the actual calculation of any given hyperbolic
metric is notoriously difficult.
By the formula

p(z) = h(|2),
we obtain that the Gauss curvature is given by
A(|2PR? — |2]2hh" — b

K i

Setting t = |z|2, we obtain that

As K <0 it follows that

Therefore the function

is increasing, i.e.

4th'(t) _ 4sh'(s)
5T ) T h(s)
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and in particular

4 !/
£>0= th'(t)
h(t)
In this case we obtain that h is an increasing function.
The examples of hyperbolic surfaces are:
(1) The Poincaré disk U with the hyperbolic metric
_ 2
IR
(2) The punctured hyperbolic unit disk A = U\ {0}. The linear density of the
hyperbolic metric on A is

> 0. (1.4)

A

1

A= ——.
S Jellog

(3) The hyperbolic annulus A(1/R, R), R > 1. The hyperbolic metric is given

by
2 7 log | 7]
ha(l?) = An(z) = — L2 seo(T .
&(l=F) r(2) |z|logRS€C(2 logR)
In all these cases the Gauss curvature is K = —1.

1.1.2. Riemann metrics. In the case of the Riemann sphere, the Gauss-Bonnet
theorem implies that a constant-curvature metric must have positive curvature K.
It follows that the metric must be isometric to the sphere of radius 1/ VK in R3 via
stereographic projection. In the z-chart on the Riemann sphere, the metric with
K =1 is given by

4|dz|?
(1+122)%

Another important case is Hamilton cigar soliton or in physics is known as Wit-
tens’s black hole. It is a K&hler metric defined on C.

|dz|?
1+ [2*

ds® = hp(|2|")|d=[* =

ds? = 1>(|2]?)|d=[?> =

The Gauss curvature is given by
2
K=——.
1+ [2)?
In both these cases K > 0. This means that

<4ﬁ2a))’§0'

AtH (t)
h

Therefore the function

is decreasing i.e.

4th'(t)  4sh'(s)
t>s= < .
h(t) h(s)
In this case we obtain that h is a decreasing function.
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1.1.3. The definition of harmonic mappings. Let (M,o) and (N, p) be Riemann
surfaces with metrics o and p, respectively. If f : (M, o) — (N, p) is a C?, then f
is said to be harmonic with respect to p if

foz+ (logp*), 0 ff. fz =0, (1.6)
where z and w are the local parameters on M and N respectively.
Also f satisfies ([1.6)) if and only if its Hopf differential

U=p’off.fz (L.7)
is a holomorphic quadratic differential on M.
For g : M — N the energy integral is defined by

Blg.p) = /MPQOf(I89I2+I59|2)dVa- (18)

where dg, and g are the partial derivatives taken with respect to the metrics o and
o, and dV, is the volume element on (M, o). Assume that energy integral of f is
bounded. Then f is harmonic if and only if f is a critical point of the corresponding
functional where the homotopy class of f is the range of this functional. For this
definition and the basic properties of harmonic map see [22].

Using the fact that the function defined in is holomorphic, the following
well known lemma can be proved (see e.g. [12]).

Lemma 1.1. Let (S1,p1) and (S2,p2) and (R, p) be three Riemann surfaces. Let
g be an isometric transformation of the surface S1 onto the surface So:

pr(w)]dw]? = pa(w)|dw]?, w = g(w).
Then f: R+ Sy is p1- harmonic if and only if go f : R+ Sa is pa- harmonic. In

particular, if g is an isometric self-mapping of Sy, then f is p1- harmonic if and
only if go f is p1- harmonic.

The rest of this paper is organized as follows. In Section [2| using Lemma [2.1
which deals with local character of geodesic lines, we show that an annulus A(r,1)
of the Euclidean plane can be mapped by means of harmonic mappings to a fixed
annulus of a Riemann surface only if r; is not so close to 1, (Theorem [2.3). The
annulus of the Riemann surface has a special character, see the formulation of The-
orem but this can be apply to all annuli that are isometric to this annulus (see
Lemmall.1)). These isometries are well-known in the case of Riemann sphere and of
Hyperbolic plane. In Section [3]this problem is treated for Riemann harmonic map-
pings in details. Section [4] deals with the hyperbolic harmonic mappings. Moreover
some examples of radial harmonic mappings are given and these mappings have
inspired some new J. C. C. Nitsche type conjectures.

2. THE MAIN RESULTS

In this section we will consider an annulus of a Riemann surface ¥ whose bound-
ary components are homotopic to a point 0 € 3. Similarly, the case of annuli
generated by an oriented Jordan curve « that is not homotopic to a point can be
considered. For the definition of ring domains of this type see [23, p. 9-11]. In
Theorem [4.1] a special case of a ring domain associated with Jordan curve that is
not homotopic to a point of ¥ is considered.

We begin by this useful lemma.
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Lemma 2.1. If the metric py in a chart D of a Riemann surface ¥ is given by
ps(z) = h(|z|?), then the intrinsic distance of lz,z € D, | < 1, with [lz,2] C D, is
given by
||
ds(lz,2) = / h(t%)dt. (2.1)
Uz|
In particular, if z € D and if [0, z] € D then [0, z] is a geodesic in D with respect
to the metric px. A similar formula holds for 1 > 1

Proof. To prove this we do as follows.
Since g11 = g22 = h%(]2]?), and g12 = g21 = 0, using the formula

T, — lg”” (89mk OGme agM) 1

2 ox?t ork  gxm - §gim(gmk’z + gmek — Grem),

where the matrix (¢/%) is an inverse of the matrix (g;i ), we obtain that the
Christoffel symbols of our metric are given by:

hy
Fh = F%z = F§1 = 7 (2.2)
2 1 1 hy,
oy =Ty =15 = e (2.3)
he h
i =-=% Thp=--r (2.4)
The geodesic equations are given by:
d?az* s dzt dzv
— =0,A=1,2.
ds? T ds ds ’ ’
In view of (2.2), (2.3 and (2.4)) we obtain the system:
xh' yh' xh'
i+ 2= +45—iy — 2=—9* =0 2.5
&4 20t A5 dy = 25y =0, (2.5)
. oyh o xh o _yh
— 2= 4— 2—y° =0. 2.
250" +d—mdy + 2547 =0 (2.6)

Assume, first that [I|z], |z|] € D. Denote the geodesic curve joining the points
2| and [zl by c(s) := (2(s),y(s)).

Putting y = 0 in (2.5) and (2.6) we obtain that = is a solution of the differential
equality

ah’
T+ W T
and consequently

i
-~ h(x?)’
ie.
x
5= Cl/ h(t%)dt. (2.7)
xo
To determine C; and zg, we use the conditions z(0) = I|z|, and z(sg) = |z|.

Inserting these conditions to (2.7) we obtain
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5= h(t?)dt, (2.8)
l]z|

where
|2]

S0 = h(t%)dt.
1]z]

As the metric h(|z|?)|dz| is a rotation invariant, according to (2.8) it follows that

|2l
ds(lz,z) = inf /pg(z)|dz| = h(r?)dr.

lz,z€y ~ 1|z

(]

Let (p,®) be geodesic polar coordinates about the point 0 of a chart D of the
Riemann surface ¥ with the metric ps(z) = h(]z|?). Let g be the inverse of the
function s — dx(s,0). Then we have

9(p)
p:/ h(t%)dt.
0

Thus
1=g'(p) - h(g°(p)); (2.9)
and o .
- (2.10)
h 299’

Therefore the metric of the surface can be expressed as
ds* = dp® + h(g*(p))g*(p)d©*.

If w, is a twice differentiable, then

Now we have
Wy = (¢'ps +190,)e™,

Wy = (g/py + ig@y)eiea

and thus A
Wyy = (g”pz + g’pyy + 2ig’py®y +1i90y, — g@i)eie, (2.12)
and
1
wawz = 4 (wfc + wj) . (2.13)

Assume now that w is harmonic. By applying (2.11), (2.12), (2.13)) and (1.6) it
follows that

(g"|Vp|* + g Ap + 2ig’ (Vp,VO) +igAO — g|VO|?)e'®

1 (g(p)*)g(p)e”"®

2 G0

(919l + 2ig' (Vp, V) = ?|VOP)) € = 0.
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Thus
(¢"|Vpl> + g'Ap + 2ig' (Vp,VO) +igA® — g|VO|?)
W (g()*)a(p) ( 21o 2 ois o2
42DV JIL) (0217 o2 4 2ig! (Vp, VO) — ¢2|VOI?)) =
Mol (97 IVeP + 2 (Vp,V0) — g’[V6P))
Therefore
W (g(p)*)g(p)g’ (p)
!
g (Vp,VO) + gAB + 4 Vp,VO) =0 2.14
Ve o Y 214
and
h/ 2
(¢" Vo> +g'Ap — g|VOI?) + 2}W (g’2|Vp|2 - 92\V®|2)) =0. (2.15)
Combining (2.10) and it follows that
W (g*(p))
/ 2 2
gAp:g<1—|—Qg Vol 2.16
) ) VO (216)

From we obtain
Ap = g(p) - h(g*(0)) (1 o

Assume now that g(p) € [0, 01]-
If the Gauss curvature of the surface is negative, then according to ([1.3)),

W (g%(p))

L) @) Iver (217)

A 2 W(d) - 2
0
If the Gauss curvature of the surface is positive, then according to (1.5)), we have
hl Q2
8pz o0l (14258 2 ) Ive (219
1

We make use of following well-known proposition.

Proposition 2.2. Let u = pe'® be a C! surjection between the rings A(ry,r9) and
A(s1, 82) of the complex plane. Then

/ |VO|? dz dy > 2 log 2 (2.20)
7‘1<| |<’I‘2 Tl

For its proof see for example [10)].

Theorem 2.3 (The main theorem). Let u be a px harmonic diffeomorphism be-
tween the Euclidean annular regions A(ry,1) and annulus {z € C: pg < dx(2,0) <
p1}, of a Riemann surface ¥ and let o; = g(p ) 1=0,1. Then

>1—|——10g 71

(2.21)
Po Po h(0?) (1/2 +

) h(og) (1/2+ % ( ) 03), if K is negative;
h(gQ)) 0?), if K is positive.

Remark 2.4. The Euclidean annulus in the domain is taken because of simplicity.

But harmonicity does not depend on the metric of the domain, which means that

we can take any other annulus which is conformally equivalent to this Euclidean

annulus. Therefore, the statement of the theorem holds there as well, taking in-

stead of the annulus A(ry,1) an arbitrary annulus A of a Riemann surface (3, o)
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with the modulus Mod (A) = 5= log % Notice also that, the theorem does hold
as well assuming that u is proper, which means that lim._; ds(u(z),0) = p;
and lim,|_,,, ds(u(2),0) = po. If K is negative, then h'(03) is positive and equa-

tion (2.21)) makes sense for all py and p;. If K is positive, then 1/2+ ’;I/ ((55)) 03 must

be positive, if we want to have a non-trivial inequality.

Proof. Let ¢ : (po,p1) — (po,p1) be a sequence of non decreasing functions,
constant in some small neighborhood of pg, and satisfying the following conditions

0< ¢ (s)—1land 0 <! (s) — 0asn— oo (2.22)

for every s € (po, p1). (See [10]) for an example of such sequence). Assume that u
is a corresponding diffeomorphism. Let p = |u| and let p,, be the function defined

on {z: 711 < |2[ <1} by pu(z) = pn(p(2)).
Then

Apn(2) = @ (p(IVP() + @7, (p(2) Ap(2).
By it follows at once that
Apn(z) — Ap(z) as n — oo
for every z € A(ry,1). Similarly we obtain

0pn ap
r 7 g
uniformly on {z : |z| = r} for every r € (r1,1). By applying Green’s formula for p,
on {z:r;+1/n < |z| <r}, we obtain

dpn, Opn
/ Lds—/ Lals:/ Apy, dp.
|z|=r or |z|=ri+1/n or ri+1/n<|z|<r

Since the function p,, is constant in some neighborhood of the circle |z| = r1 +1/n,

it follows that
0
/ 9Pn gs = / Apy, dpu.
|z|=r or ri+1/n<|z|<r

Because of (2.17) and (2.22)) it follows that the function Ap,, is positive for every
n. Hence, by applying Fatou’s lemma, letting n — oo, we obtain

/ % ds > / Apdu.
|z|=r OF ri<)zl<r

Assume now that K < 0. Next, by applying (2.18]) and (2.20]), we obtain

/ @ ds > / Apdu
j2|=r OF r<|zl<r

(.2
-/ 00 B0) <1+2h<g(p” 2<p>) VO

(z) as n — o0

mg(0) !
> gtpo) W0 (1+ 25 00 ) [ (P
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It follows that
0

1,2 r
- p@@z%mmWWWmQ+f@m”%m)%.
T Ji¢l=1 T1

1(g%(po)) ”

Dividing by r and integrating over [r1, 1] by r the previous inequality, we get

L/ p«m«o—/i p(r1¢) ds(C)
[¢]=1 [¢]=1

> mg(po) - h(g*(po)) (1 + zw

2 2
h(g2(p0)) (p0)> og"
.€. o

2m(p1 = po) = mg(po) - h(g*(po)) (1 + 2};((52((55))))92(%)) log’ri.  (2.23)

Thus (2.21)) follows for this case. Similarly using (2.19) the case K > 0 can be
established . O

3. RIEMANN CASE

Recall that the Riemann metric with the curvature 1 in the sphere S? is given
by:

4]dz|?
(1422
It induces the following intrinsic distance function:

ds? = h3(|2?) =

dr(z,w) = 2arctan

. (3.1)

+ zw
The chordal distance is similar and is induced by stereograph projection:

d(z,w)

2|z — w|

IRViEaEEV EarE

In both cases the isometries are

fz) =Pt aeCpe0.2m).

They form a subgroup of the group PGLy(C) of all Mébius transformations. It is
denoted by PSU,. This subgroup is isomorphic to the rotation group SO(3), which
is the isometry group of the unit sphere in R3.

Assume now that v is harmonic in this setting. Equation becomes

o
L s =0 (3.2)

Uzz —
Notice this important example. The Gauss map of a surface ¥ in R? sends a
point on the surface to the corresponding unit normal vector n € C = S2. In
terms of a conformal coordinate z on the surface, if the surface has constant mean
curvature, its Gauss map n : ¥ +— C, is a Riemann harmonic map [20] (see also [14]
and [7] for a related topic).
If now we consider the geodesic polar coordinates (p, ®) about the point «(0) of
the Riemann sphere S2, then we have

ds* = dp? + sin” pd©?.
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Let f € PSU; and take w = f ow.
Then, since PSUj is the group of isometries, according to Lemma [L.1] it follows
that w is harmonic with respect to the Riemann metric.
Thus, if u is a harmonic mapping, then
u(z) — u(0
w(z) = A=t _
1+ u(2)u(0)
is harmonic as well. Using (3.1) it follows that the inverse of the mapping g —
dr(p,0) is given by

10

o) = 2.
According to (2.17) we obtain

in 2
Ap = y\veﬁ. (3.3)
It follows that Ap > 0 if p € [0, 7/2]. This means that p is a subharmonic in the
lower hemisphere. Moreover, from (3.3)) it follows that,

sin 2pp

Ap > po |VO|?, whenever p € [po, p1] C [0,7/2]. (3.4)

P1
The annulus A(7,0) = {z : 7 < |z| < o} is conformally equivalent (and isometric
with respect to Riemann metric) to the annulus

{zeC:py <dr(z,w) < p1},

Zz—Ww
14 z2w|’

po = 2arctanT, p; = 2arctano.

where

dr(z,w) = 2arctan

and

On the other hand if Ag is an arbitrary doubly connected domain in C then it is
conformally equivalent to an annulus A(ry, 1). If w is harmonic, a is analytic, and
k is an isometry of S2, i.e. if K € PSU,, then k o w o @ is harmonic.

Having the previous fact in mind and following the same lines of the proof of
Theorem and using instead of the following theorem for Riemann
harmonic mappings can be proved.

Theorem 3.1. a) Let there be a Riemann harmonic diffeomorphism between the
annular regions with the modulus %log% and Agr(po,p1,a) = {w € C : py <
dr(w,a) < p1}, with p1 < w/2. Then
28 S14 sin 2p
Po
b) In particular for a = 0, we obtain that if there is a harmonic mapping between
annular regions A(r1,1) and A(t,0) (0 < 1), of R?, then

log? r1. (3.5)

arctan o o(l—o0?) log? 1. (3.6)

arctan7T 2(1+4 o2?)?arctano

Note that the condition py < w/2, (i.e. o < 1) means that the annulus is
contained in a hemisphere of S%. The items a) and b) are equivalent.
By applying Theorem and having in mind the discussion after equation ([3.2)

we have.
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Corollary 3.2. Let X be a surface with constant mean curvature in R3. Let in
addition Agr(po, p1,a) be an annulus in S? that lies in a hemisphere of S%. Let n
be the Gauss map of ¥, that maps a ring domain A C X properly onto the annulus
Ag(po, p1,a). Then

1 /pr—po m
Mod(A4) < — . .
od(4) = 7T\/ 00 sin2p;’ (3.7)

where Mod(A) is the conformal modulus of A.

Notice that, in the case of minimal surfaces, the Gauss map is meromorphic. If
the Gauss map is injective and meromorphic, then is equivalent with ,
taking r1 = I, and this inequality can be proved directly. Notice also this interest-
ing fact, the right hand side of inequality does not depend on the surface X.
For this topic see [I9] and [4].

Example 3.3. Let ¥ = {(u,v,w) : u> +v? = 1,w € R} be a cylinder. Then ¥ is a
CMC surface. The conformal parametrization is given by f(z,y) = (cosz,sinz,y),
and the Gauss map is given by n(z,y) = (cosz,sinz). It is easy to see that n
satisfies . Moreover, the image of the whole cylinder is the equator, and this
means that the condition ” Ag(po, p1, @) is an annulus in S? that lies in a hemisphere
of $2” in Corollary is important.

In order to find examples of radial Riemann harmonic maps, we will put
w(z) = g(r)e',
where g is a increasing or a decreasing function to be chosen. This will include all

harmonic radial mappings.
Direct calculations yield

1 1

Wyz = ZAU} = @ (TQU)’I“T‘ + rw, + w‘P‘P) ) (38)
w wf—l(w2+w2) fi(ﬁw?,w?) (3.9)
Wz = 5 (W y) T g2 r wrr ’

Inserting this to the harmonic equation, we obtain

ng//Jr?"g’—g—

29 2
1+92(T2 Toe=o
Let r = e*.
Setting y(x) = g(e”), we obtain

2y 2 )
" — /e 2
VYT I (y v,

where y is given by

=T+ . (310)

1
d
| S

y
T = exp / ! dz |, (3.11)
o V224 c(l—22)?

the inverse of the mapping gis given, satisfying the condition r(c) = 1.

Let 0 < 1. Then by
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The integrand in previous integral is real for 7 <y < ¢ if and only if
c>—(1/r+7)7% (3.12)
Denote by h; +(y) the function

v dx
r=hroly) = exp/a Va2 — 1/t +1)2(1 +22)2

It is extremal in the sense

hro(T) < exp / ! dz
o 22+ c(l+ 22)2

whenever condition (3.12)) is satisfied.
As h; +(y) is an increasing function for 7 < y < g, it follows that

w(z) = h;},(r)ew
is a spherical harmonic mapping of the annulus A(h;(7),1) onto the annulus
A(r,0).
Conjecture 1. If o < 1, and there exists a Riemann harmonic mapping of the
annulus A(r, 1) onto the annulus A(T,0), then

r > hro(T). (3.13)

This is similar to the Euclidean plane harmonic conjecture of J. C. C. Nitsche (see
introduction of this paper).
Although the mapping
w(z) = hy(r)e'®
is a Riemann harmonic mapping of the annulus A(h,1(7),1) onto the annulus
A(r,1) the case 0 =1 is excluded.
Namely for ¢ < 1
lim1 hro(T) =1,
but
lim1 hei(r) =e ™2

and this means that we can map, by means of Riemann harmonic diffeomorphisms,

the annulus with modulus
1oyt
27 & e-/2) 4

onto the annulus with arbitrarily small modulus.

This means that the condition o < 1 is essential in Theorem [3.1]

The question arises, if is the constant % the best (smallest) possible value of the
modulus in this setting.

Figure 1 is shows the function % log (#(T)) .
For o < 1,
lim h,(7) =1,

T—0—0
and this verifies Theorem [3.1] in some sense.
In (3.6) it is shown that
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FIGURE 1. The modulus of extremal domains. The infimum is 1/4.

2(1 + 0?)? arctan o (arctan o — arctan T))

r > ho(o,T) := exp <— o(l — o?)arctanr

(3.14)

Of course h;(7) > ho(o,7). Figures 2 and 3 illustrate that our inequality is
almost sharp when o is not too close to 1.

1.0+

06

04+

0.1 0.2 0.3 0.4 0.5

FIGURE 2. The case ¢ = v/3/3, above is the function he va3(T)
and below is the function ho(v/3/3,7).

4. HYPERBOLIC CASE

This case has been studied in [24], but for the halfplane model. More precisely
the following theorem has been proved in [24]: Let A,, ,, be a round annulus in the
hyperbolic plane H centered at ug, that is, A,, ,, = {u € H : p1 < p(u,ug) < pa}.
Let u: B C C — A, ,, be a harmonic diffeomorphism. Then the conformal mod-
ulus Mod(B) < Cy/p2 — p1exp(—p1), with some absolute constant C. According
to Lemma this corresponds to the inequality . We consider the unit disk
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FIGURE 3. The left graphic corresponds to the case o = 1/10, and
the right one to the case o = 9/10.

directly, in order to give an explicit inequality (see below), and in order to an-
alyze the sharpness of the result. We will consider a hyperbolic annulus as well. A
similar argument can be repeated for the punctured unit disk. It can be considered
as a special case of Theorem however additional calculations are needed.

After that we will provide some examples of radial hyperbolic harmonic mappings
of the hyperbolic unit disk, which show that inequality is almost sharp. The
author believes that, these examples are well known, but it seems that they haven’t
been considered for this setting.

If u: U~ U is a harmonic mapping with respect to the hyperbolic metric

4]dz|?
ds* = ————
N EDE
then Euler-Lagrange equation of u is
2u
Uyz + Wuz Uz = 0. (41)

An important example of hyperbolic harmonic mapping is the Gauss map of a
space-like surfaces with constant mean curvature H in the Minkowski 3-space M !
(see [5], [17] and [25]).

As in the Riemann case we consider the geodesic polar coordinates (p, ©) about
the point ug = u(0) of the unit disc U. We have

1 + | 1’“«_*;%
p =log P
- | 1—uug

and consequently

p U — Ug
tanh = = |———|.
2 | 1 — uug
Hence
U — Ug P ie
———— = tanh —e'".
1 — uug 2
Setting
U — Uug
w=—
1 — uug
we obtain that
w —+ uUg

U= ———————.
1+ wugy
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Since the mappings {w = €’¥#=%, |a| < 1} are isometries of the hyperbolic unit
disk, according to Lemma [I.I] the mapping w is harmonic with respect to the
hyperbolic metric.

In this case o = g(p) = tanh(%).

According to (2.17)) and (2.14)) it follows that
AO + (2/sinhp +2) (Vp,VO) =0,

and
g'Ap = 291@_(2)2) FIVOP + g|vVOP.
Thus
Ap= sinh 2p|v®|2

Theorem [2.3] yields that

h' (03 1
pn >1+ p—log r1h(0?) (1/2+ ('920)92) =1+ @ﬂlog ri.  (4.2)

£o h(Qo) 0 po (1 — Qo)
Therefore
inh 2
[T PR (43)
Po 2po
or equivalently
1+o01 1+ Qo) 1+ 03
log ( : > 00 log? ry. (4.4
l—o1 1-o00 (1—0p)? )

Hence, if w is a hyperbolic harmonic mapping between the annuli A(r1,1) and
A(00, 01), then inequality holds.

Now as in the Riemann case, if Ag is any doubly connected domain in C with the
modulus 5~ log —= and A; is any annulus in the hyperbolic disk that is isometric to
an annulus A(go, 01), then . holds.

The following theorem establishes a corresponding inequality for hyperbolic an-
nulus A(1/R, R). See Subsection [L.1.1]

Theorem 4.1. Let there be a Ar harmonic diffeomorphism between the annular
region A(r1,1) of the Euclidean plane and {z € C: 0 < pg < f hr(t?)dt < p1},
of the hyperbolic annulus A(1/R, R) and let g be the inverse of the function w(r) =
[{ hr(t?)dt. Let in addition 0; = g(p;), i = 0,1. Then

7 log og mlog oo\ mlog?ry
— oy > . (4.5
PL= PO = LOSCC 100 R 2logR ) 4log® R (45)

Proof. The only part which is different from the proof of Theorem is the fact
that

<log R —2pplog R + mog tan

9(p)
p:/l hr(t%)dt. (4.6)

Now as in (2.23])
p1—po > o (hr(08)/2 + hy(0})a]) log® 1. (4.7)

The function w is given by

1
w(r) = 2arctanh <tan legg;) .
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The rest of the proof is a standard calculation. ([
It follows from (4.5)) that,
r1 > 1(po, p1) > 0,

however, if we fix py then
plim r(po,p1) = 0.
1—00

The previous fact, implies that inequality (4.5 has a local character. It seems that
such a global estimate does not exist.

Remark 4.2. It follows from Theorem {4.1] that: If U* = U\ {0} is the punctured
unit disc with hyperbolic metric, and A(1/R, R) is an annulus with hyperbolic
metric, then there is no surjective Ag harmonic diffeomorphism of U* onto A(r, o),
with 1/R < 7 < 0 < R. The question arises, if there exists a Ag harmonic
diffeomorphism of U* onto A(1/R,R). For this problem we refer the interested
reader to [16], [6].

As in the Riemann case, we are going to find examples of radial hyperbolic
harmonic maps. We put
w(z) = g(r)e’?,
where g is a increasing function to be chosen. This will include all harmonic radial
mappings. These examples, will show that is almost sharp and will suggest a
J. C. C. Nitsche type conjecture for hyperbolic harmonic mappings.

Inserting (3.8) and (3.9)) into the hyperbolic harmonic equation (4.1]), we obtain
2
7“29// + Tg/ —g+ : 7992 (T29/2 _ 92) = 0.
Setting y(x) = g(e®), i.e. 7 = e”, we obtain

2y 2
"o, /e, 2
Yy -y y2_1(y y)

where y is given by

1
/ \/M—_Wdy =x+c. (4.8)

Let 0 < 1. Then by

T=Geo(y) == exp (/: — Cl(l = 22)2dz> , (4.9)

is given the inverse of the mapping g, satisfying the condition ¢, ,(c) = 1.
The integrand in previous integral is real for 7 <y < ¢ if and only if

c>—(1/r—7)"%

Define the function p. ,(y) by

Y dz
r= p'r,a(y) = exp/a \/Z2 — (1/7_ — 7_)_2(1 _ Z2)2'

It is extremal in the following sense

Pro(T) < Geyo(T)
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for every
c>—(1/7 - T)_2.

As pr »(y) is an increasing function for 7 < y < o, it follows that

w(z) = prq(r)e’?

is a hyperbolic harmonic diffeomorphism of the annulus A(p; »(7), 1) onto the annu-
lus A(7,0). Similarly, we can construct harmonic diffeomorphism with decreasing
g(r).

Notice that w(z) = chll(r)ew, with ¢ = 0, is the identity, and for ¢ > 0 is
a hyperbolic harmonic diffeomorphism between the annulus A(r.1(0),1) and the
punctured unit disc A(0, 1).

For every o <1,

lim OpT’g(T) =1.

T—0—
Conjecture 2. If o < 1, and there exists a hyperbolic harmonic mapping of the
annulus A(r,1) onto the annulus A(t,0), then r > p; (7).
Let s € [0,1/2] and take 7 = 1 —2s and 0 = 1 —s. Then our example states that

1-2s da
1—s \/ﬂc2 —(1/(1 —28) —1+s)"2(1 — m2)2'

r > fi1(s) = p1_2s,1-s(1—25) = exp

Inequality (4.2]) asserts that

(1— (1 —25)%)2log 2=2
r > f2(2) = exp _\/ (14 (1 —25)2)(1 — 2s)

It can be verified that if s € [0,1/2] then fi(s) > fa(s). See figure 4, which shows
that inequality (4.4]) is almost sharp for these cases.

10
0.87
06/

0.4

0.2

S S S S BN S
0.1 0.2 0.3 0.4 0.5

FIGURE 4. The function bellow is fs and above is fi.
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Remark 4.3. Since, the Gauss map of a spacelike constant mean curvature hyper-
surface of Minkowski space is a hyperbolic harmonic mapping ([f]), it seems that,
a similar statement which corresponds to Corollary holds in hyperbolic case as
well.

Acknowledgment. The author thanks the referee for his helpful suggestions con-
cerning the presentation of this paper.
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