ON THE QUASICONFORMAL SELF-MAPPINGS OF THE UNIT
BALL SATISFYING THE PDE Au=g

DAVID KALAJ

ABSTRACT. It is proved that the family of K quasiconformal mappings of the
unit ball onto itself satisfying PDE Au = g, g € C(B™), u(0) = 0 is a uniformly
Lipschitz family. In addition is proved that, the Lipschitz constant tends to
1 as K — 1 and |gloc — 0. This generalizes a similar two-dimensional case
treated in [11] and solved the problem started in [15]. According to Fefferman’s
theorem, every analytic bi-holomorphic mapping between two smooth domains
has C! extension to the boundary, and therefore the class of bi-holomorphic
mappings between smooth domains, is contained in the class of harmonic qua-
siconformal mappings (Au = 0). Therefore our results can be considered as
extensions of Fefferman’s theorem.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

A twice differentiable function u defined in an open subset §2 of Euclidean space
R™ will be called harmonic if it satisfies the differential equation

Au(z) := Dyju(z) + Dogu(z) + - - - + Dppu(z) = 0.

In this paper B™ denotes the unit ball in R™, and S"~! denotes the unit sphere.
Also we will assume that n > 2 (the case n = 2 has been already treated in [11]).
We will consider vector norm |z| = (37, 2?)/2 and two matrix norms: trace norm
|Alz = (trace AA")Y2 = (307, a7 ;)!/? and induced norm |A| = sup{|Az| : |z| =
1}.

A homeomorphism u :  — Q' between two open subsets 2 and Q' of Euclid
space R™ will be called a K (K > 1) quasi-conformal or shortly a q.c mapping if

(i) u is absolutely continuous function in almost every segment parallel to some
of the coordinate axes and there exist the partial derivatives which are locally L™
integrable functions on 2. We will write v € ACL™ and
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(ii) w satisfies the condition
Vu(@)["/K < Ju(2) < KI(Vu(@)",
at almost everywhere = in 2 where
[(Vu(z)) := inf{[Vu(z)C] - |(] =1}

and Jy,(z) is the Jacobian determinant of u (see [28]).

Notice that, for a continuous mapping u the condition (i) is equivalent with that
u belongs to the Sobolev space WilOC(Q).

Let P be Poisson kernel i.e. the function

1— |zf?
P(z,n) = m7

and let G be Green function i.e. the function

1 1
Gley) = en <x YT R (TR |>"—2> (1)

where ¢, = m, and €, ; is the measure of S"~!. Both P and G are
harmonic for |z] < 1,z #y .

Let f: S"~! — R" be a bounded integrable function on the unit sphere S™~1
and let g : B"™ — R™ be continuous. The solution of the equation (in the sense of
distributions) Au = g in the unit ball satisfying the boundary condition «

f € LY(S™1) is given by

u(x) = P[f)(x) - Clg)(x) = /

Sn—1

Sn—1 —

n

P, n) f (m)do(n) — / Gle.y)g(w)dy, (1.2)

|z| < 1. Here do is Lebesgue n — 1 dimensional measure of Euclid sphere satisfying
the condition: P[1](z) = 1. It is well known that if f and g are continuous in
S"~1 and in B™ respectively, then the mapping u = P[f] — G[g] has a continuous
extension @ to the boundary and @ = f on S™~ L.

We will consider those solutions of the PDE Au = g that are quasiconformal as
well.

It seems that the family of q.c. harmonic mappings has first been considered in
([20]). Recent papers [12]-[14] and [23] bring much light on the topic of quasicon-
formal harmonic mappings on the plane.

In this paper we continue to study the same problem in the space. It was started
in the paper [15]. The problem in the space is much more complicated because of
lack of the techniques of complex analysis.

The following theorem gives a positive answer to the conjecture raised by the
author in ([15]): that a q.c. harmonic self-mapping of the unit ball is Lipschitz
continuous with Lipschitz constant depending only on a quasiconformality constant
K. It is a generalization of an analogous theorem for the unit disk due to author
and Pavlovié ([11]). See also [15]) and [26]. It is the main result of the paper.

Theorem 1.1. Let K > 1 be arbitrary, let n € N and let ¢ € C(B™). Then
there exist constants M1(n, K) and Mj(n, K) such that: if u is K quasiconformal
selfmapping of the unit ball B"™ satisfying the PDE Au = g, with w(0) = 0 then:

u(@) = u(y)] < (M{(K,n) + M3(K,n)lgloo)lx —yl, x,y € B (1.3)
Moreover M{(n,K) — 1 as K — 1.
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It is important to notice that, the class of harmonic functions (mappings) con-
tains itself the class holomorphic functions (mappings). Therefore the class of
harmonic automorphisms of the unit ball is a subclass of harmonic self-mappings
of the unit ball. Having in mind the fact that, they have an extension across the
boundary the unit ball, it follows that they are quasi-conformal. On the other hand
according to Fefferman’s theorem ([6]), every analytic bi-holomorphic mapping be-
tween two smooth domains has C! extension to the boundary, and therefore the
class of bi-holomorphic mappings between smooth domains, is contained in the class
of harmonic quasiconformal mappings. Therefore our results can be considered as
extensions of Fefferman’s theorem.

The proof of Theorem 1.1, given in Sections 3, depends on the following propo-
sition:

Proposition 1.2. [13] Let u : B™ — Q be twice differentiable g.c. mapping of the
unit ball onto the bounded domain Q with C? boundary satisfying the differential
inequality:

|Au| < A|Vul|? + B, A,B > 0.
Then Vu is bounded and u is Lipschitz continuous.

One of the advantages of Theorem 1.1 in relation to Proposition 1.2 is that, in
Theorem 1.1 the Lipschitz constant do not depend on the mapping u, contrary the
statement of Proposition 1.2.

It also depends on Mori’s theorem in the theory of quasiconformal mappings:

Proposition 1.3. [5] If u is a K quasi-conformal self-mapping of the unit ball
B™ with u(0) = 0, then there exists a constant Mi(n, K), satisfying the condition
Mi(n,K) — 1 as K — 1, such that

lu(z) = u(y)] < My(n, K)|x —y|

See also [2] for some constant that is not asymptotically sharp.

K0 (1.4)

|—1+K1/(1’") 1—n)

The mapping |z x shows that the exponent K1/(
the class of arbitrary K — quasiconformal homeomorphisms.

is optimal in

2. AUXILIARY RESULTS

By S and T we denote the spherical coordinates:
S:K§ =10,1] x [0,7] x -+ x [0,7] x [0,27] — B"

and

T:K" ' =10,7] x - x [0,7] x [0,2n] — S"~!
(S(r,600,...,0n—2,0) =1T(01,...,0nh_2,9)), defined by S = (21,22, ..., Tn_1),

r1 = rcosb,
r9 = rsinfysinbs,
T, = rsinf;sinfs...sinf, 5 cosy,

Tpy1 = rsinfisinby...sinf,_osinep.

Then we have:
detS’(r,01,...,0p_2,0) = 7" 1sin" 20, ---sinb, _o. (2.1)
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We will use the notations 6 = (01,...,0,_2,¢) and 6,,_1 = .

Lemma 2.1. Let u be harmonic function defined on the unit ball and assume that
its derivative v = Vu is bounded on the unit ball (or equivalently, let u be Lipschitz
continuous). Then there exists a mapping A € L°°(S™~ 1) defined on the unit sphere
S™=1 such that Vu(z) = P[A](z) and for almost every n € S"~1 there holds the
relation

lim Vu(rn) = A(n). (2.2)

Moreover the function f o T is differentiable almost everywhere in K™™' and
there holds
A(T(0)) - T'(0) = (f 2 T)'(0).

Proof. For the prof of the first statement of the lemma see for example [1, Theo-
rem 6.13 and Theorem 6.39].

Next, since
0
00;

0
8T%T(Q)\ < |rVu(S(r,0))] - |

0]
00;
the Lebesgue Dominated Convergence Theorem yields

F(T(O) = Tim u(S(r.0))
0;

(S(r,0)) = [rVu(S(r,0)) T(0)|

56, “

< essupy|A(T(0))] - [55-T'(0)],

lim 4 u(S(r,0))do; + f(T(6°))

r—1— fgo 00;

0, . b 0
-/ g S0+ S0 03

0;
_ / lim rVu(S(r,0)) aaa_T(Q)dHi + F(T ()
09 T i

9.

= [ Ay %T(@d& +F(T(E").
6? v

Differentiating in 6; we get for every i € {1,...,n — 1}

0 0
5 1 X0) = AT(6) - o

almost everywhere in K™~ 1.
Hence we have:

7(0)

A(T(0)) - T'(0) = (f o T)'(0)
almost everywhere in S™~1.
([

Lemma 2.2. Let u be a harmonic Lipschitz continuous mapping defined in the unit
ball B™. Denote by Vu its extension up to the boundary S"~' = OB", which exists
almost everywhere in S"~*. Then for x € B"

[Vu(z)| < ess sup, - |[Vu(n)],

where | - | is trace norm or induced norm.
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Ou;
ij
harmonic. Hence there exists a bounded integrable function g; ; defined on the unit
sphere such that u; ; = P[g; ;]. In other words

Vua) = [ aPle.miot)

is bounded and

Proof. Let u = (u1,...uy,). For all (4,j) the function u; ; =

where g(n) is n x n dimensional matrix (g; (1))} ;=; and it coincides with Vu(n).
By definition, for the trace norm we have

|Vu(z)|3 = trace Vu(z)Vu(z)®
—uace [ gmpadotn ([ smpndot)

< / trace g(n)g(n)" P(z, n)do(n).
Sn—l

Hence
[Vu(z)[5 < ess sup{trace g(n)g(n)’ :n e 5" '} P(x,n)do(n)
Snfl
= ess sup{trace g(1)g(n)'}.
Thus we obtain
[Vu(z)]2 < ess sup,cgn-1|Vu(n)|a-
For the induced norm we have
|A] = max{(Ah, k) : |h| = |k| = 1}.
Thus for |h| = |k| =1 we have

(Vue)p k) = [ ook Ple.mio()

< [ laiPG.mda (s

< ess supy o) [ Pan)do(o)

The proof is completed. U

Lemma 2.3. For every a < n the potential type integral

dy
fw) = [
B [z =yl

ezists for every x € R™, and achieves its maximum for x = 0. Furthermore:

10) = ——0, 4. (2.4)

n—uo

If || =1 and a« = n — 1, then
_ 2I(5)
I@) = (n—1)y/al(251) not

Moreover there exists a decreasing function ¢ defined on [0, +00) such that I(z) =
o(r) on the sphere S"1(0,7), r > 0.
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Proof. Let A= B™\ B"(z,1) and B= B"NB"(x,1). Then B*=AUB. Ifyc A

then |y — x| > |y|. Thus
/ [y
ale =yl Jalyl

On the other hand B = —B + x. Thus

/ dy dy
glr—yl®  Jplyl©

dy / dy
I(x) = < I(0) = —_—
().énm—yw— 0=/, Tl

Introducing the spherical coordinates centered on 0 and on the point x on the
integrals 1(0) and I(x), respectively we obtain the relations (2.4) and (2.5).
Using the similar argument it follows that ¢ is decreasing.

Hence

Lemma 2.4. [15]. The integral

1= [l aldot)
Sn—l

a € 8"t converges if and only if vy >1—n. Ify=2—n then [ = 1.
O

Lemma 2.5. Let p be a bounded (absolutely) integrable function defined on a
bounded domain 2 C R™. Then the potential type integral

d
I(x) = / ply)dy
o lz—yl~
belongs to the space CP(R™), p € N such that o +p < n. Moreover

VI(z) = /QV;p(y)dy-

|z — yl|*

For the proof see for example [24, p. 24-26].

Lemma 2.6. If g is continuous on B", then the mapping Glg] has a bounded de-
rivative i.e. it is Lipschitz continuous. Moreover VG|g] has a continuous extension
to the boundary and there holds

(n,h) 1 — |yl
Br Qo1 |n—yl”

VGlgl(n)h = 9(y)dy,

forn e S" L.

Proof. First of all for x # y we have
(n—2)(z—y) (n—2)(|yl*z — y)

G, T,Y)=Cn —Cn
(9] L [Tl — /1"
Thus we have

lim G (z,y) = 1 n =) ) (2.6)

R TR '
Let

1 Tr—y
Gl(x7y) = (27)

Q1 | — y‘n’
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and let
1 y—|yP=
Qo [2ly| —y/lyl "
The function G5 is harmonic for x € B™. According to Lemma 2.5 it follows

Ga(z,y) == (2.8)

VGUKmh:/"<GAayxm9@ww

n

(2.9)
— [ (@t gy + [ (Galew).h) gl

The last statement of the lemma follows from relations (2.6) and (2.9) and
Lebesgue Dominated Convergence Theorem.
(I

Lemma 2.7. Let u be a solution of the PDE Au = g (g € C(B™)) that maps the
unit ball onto itself properly (|u(x)| — 1 as || — 1). Let in addition u be Lipschitz
continuous. Then there exist almost everywhere in S™~1:

Vu(t) = 111{1_ Vu(rt) (2.10)
and
Ju(t) := lil{li Ju(rt), (2.11)

t € S"~1, and there holds the following relation.:

_ Dy |f(t)—f(77)|2d
Dy Jgn-a  In—t”

t s [ e, s dotmarn, te 57

Ju(t) a(n)

(2.12)

Where D, and Dt are the square roots of Gram determinants of Vx and VT,
respectively.
If w is biharmonic (AAu = 0), then there holds:

_ D[ UO-I0P,

Dr Jon—a  |n—t["

D | (2.13)
+ =X ol <g(r2t), f(t)> dr, te S 1

Dr Jo

For arbitrary continuous g and |g| = max|, <1 |g(w)| there holds the inequality:

D 1f(t) = f(n)? D, |yl n—1
|Ju(t) - Dij“ /Sn—l de(ﬁ)‘ < F;;’ te S . (2.14)

Proof. First of all, according to Lemma 2.6, G[g] has a bounded derivative, and
there exists the function VG[g](n), n € S"~! which is continuous and satisfies the
limit relation lim,_., VG[g](xz) = VGJg](n). Since u = P[f] — G[g] has bounded de-

rivative, according to the Lemma 2.1 it follows that, there exists lim,_,1— VP[f](rn) =
VP[f](n). Thus lim,_,;_ Vu(rn) = Vu(n).
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It follows that the mapping x: x(0) = f(T(0)) := f(t), t € S"! defines
the outer normal vector field n, almost everywhere in S"~! at the point x(f) =
F(T(0)) = (x1,x2:- -+, Xn) by the formula:

0, (X(0)) = X6, X -+ X X6,5 X Xep- (2.15)
Since n, (x(#)) is the normal vector to the unit sphere, there holds the equality:

n, (x(0)) = Dy - f(T(6)). (2.16)
Let u(S(r,0)) = (y1,%1,---,Yn), where S are spherical coordinates. According to
Lemma 2.1, we obtain:

lim yi¢(r79) = Xi¢(0)’ i€{l,...,n}, (2.17)

r—1-—

Tlir{lﬁ Yig, (1,0) = Xig,(0), 1 €{1,...,n}, j€{l,....,.n—2}. (2.18)
On the other hand, for almost every § € S*~! we have

xi(0) — yi(r79)
1—r
where r < p, g < 1. Thus we have:

= yir(Pr,Ga 0)

Xi(0) — yi(r,0)

7_21{1_ Yir (1, 0) :T1_1)r{1_ T, ,ie{l,...,n}. (2.19)
Hence we derive
lim JuoS(rve) = lim <X]D[f]7x91 X X X0p_o X XSO> +A
r—1— r—1— 1—7r "
. 147
= lim 7n<x_f(n)7x91 X s X X0, o XX¢>dU(77)+A
S P
lim T (F(T(6)) — Fn)mgor (T(6)) dor(n) + A
= T - s Mo o
r—=1= Jguor [n = S(r 0)[” rer
1+7r
= lim D _— T — T A
Jim D(0) [t () — ). ST0)) de(a) +
. L4y 1f(T(0) = f)|?
=1 D, (6 d A.
dm oo [ g et +
(2.20)
Where A = lim,_,1_ <?£g7]7x91 X oo X X0, X X¢>.
In order to estimate A, observe first that:
| zlyl = y/lyl " = o —y" >
G(z,y) =cn . 2.21
(228) = e e 2l = Iyl |2 (220
Next
[ 2lyl = y/lyl "2 = o —y["?
n—2
. e (222)
= (lzlyl = y/lyl | =z —yD) > (alyl = y/lyl )" 25 |z —y["27F,
k=1

and
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|zlyl —y/lyl[* = |= — y|?
|2yl = y/lyl | + |z =yl
(1+ |2lyl* = 2(z,9)) — (2> + |yI* = 2(z,9)) (
|2yl —y/lyl| + |z -yl
=P -y
lzlyl = y/lyl |+ |z —y|
Inserting (2.22) and (2.23) into (2.21) we obtain:

. Gzry) 1
lim T = g P, (2.24)

lzlyl —y/lyl| — |z —y| =

2.23)

On the other hand we have

in_l Pt W), f(@) dy = /0 T /S P ) (g(rn), f(2)) do(n)dr.
(2.25)
Next, there holds
Juos(r,0) = r" L1, (rT(0)) - D1 (6). (2.26)

Combining (2.20), (2.24), (2.25) and (2.26) we obtain (2.12). Relations (2.13) and
(2.14) follow form (2.12) and (1.2). If w is biharmonic, then g is harmonic and thus

o D) glrn), £(8) dotn) = (g(r*t), (1))
This yields the relation (2.13). O

Assume A is an n x n matrix with entries from R. Define the (7, j)-minor M, ;
of A as the determinant of the (n — 1) x (n — 1) matrix that results from deleting
row ¢ and column j of A, and the 4, j cofactor of A as

Cij = (=1)"I M.

Then the adjugate of A is the n x n matrix

A= (Cji)ﬁjzl .
Iif A is an invertible matrix then

A7t =det(A4)7T A

That is, the adjugate of A is the transpose of the ”cofactor matrix” (Cj;)f;_; of
A.

Lemma 2.8. Let A:R" — R" be a linear operator such that A = [ai;li j=1,...n- If
A is K quasiconformal, then there hold the following double inequality
Kl_n|A|n_1|l‘1 X X.I‘n_1| < |AJ}1 X XA$R_1| < |A‘n_1|l‘1 X Xl‘n_1|. (227)

Both inequalities in (2.27) are sharp.
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Proof. Let z; = 3., wyjej, i =1,...n — 1. Then
Ay X - X Axp_1 = Zz—:gxl,gl e Tp—1o,_,Aer X - X Aep_g.
It follows that ’
Az X - X Ampy1 = Az X -+ X Tpy_1. (2.28)

As A is K quasiconformal, A is quasiconformal as well. Namely from A =
det A- A~1, it follows that

and consequently

Mook
From (2.28) we obtain
|AI1 X X Amn_1| < |A| . |Z‘1 X X xn—l‘- (229)
Furthermore
~ - det A n
A=\ = = || <2t =4t 2.30
=3 = 55 = [T s a =14 (230)

Equations (2.29) and (2.30) yields the right inequality of (2.27).
To obtain the left inequality of (2.27) we make use of (2.28) again. From (2.28)
it follows that .
|Azy X -+ X Azp_1| > Ay - |21 X -0 X 2] (2.31)
On the other hand
< detA

)\n _ A >Kn—1>\n—1'
An kr:[l fe "

This inequality completes the proof of lemma.
O

Lemma 2.9. Let u be a solution of the PDE Au=g, g € C(En), that is Lipschitz
continuous. Denote by Vu its extension up to the boundary S"~' = OB™, which
exists almost everywhere in S"~'. Then for x € B™

2I(%)
(n—1)y/al

where | - | is any norm of matrices and |g| = max{|g(x)|,z € B"}.

|Vu(z)| < ess supy,—; |Vu(n)| + <1 + (M)Qn1> lgl, (2.32)
2

Proof. By taking the notation of Lemma 2.6 we have
Vu = VPIf]() - VGlg)(x)
= VP[f](z) - : G1(z,y)g(y)dy — : Ga(z,y)g(y)dy.
Thus

Vu(x) + - G1(z,y)9(y)dy = VP[f|(x) — - Ga(r,y)g(y)dy =: h(z).



ON QUASICONFORMAL SELF-MAPPINGS OF THE UNIT BALL 11

Applying Lemma 2.2 to the harmonic mapping h, we have

Vu(o) + [ Ga(o.)g(u)dy| < ess supyi A(0)

IN

ess sup|y = | Vu(t)| + |S|up1 | G1(t,y)g(y)dyl.
t|=1 JBn

Hence for £ € B™ we have

[Vu(z)| < ess sup [Vu(t)] + ess Sup\w\gl\/B Gi(z,y)g(y)dy|
t|= n

tess s [ (Gt )lato)ldy.
Using now Lemma 2.3 we have
2I(3)
(n —1)y/al("5+)

[Vu(z)| < ess supjy = [Vu(t)| + (1 + Qn1)lgl-

O

Remark 2.10. It is known that harmonic and subharmonic functions satisfy the
maximum principle. However, if u € C?(B™) N C'(B™) satisfies the PDE Au = g,
with
1 lgI?
9€C (), (Vu,Vg) < =~, (2.33)
then the mapping Vu satisfies the maximum principle

sup |Vu(z)| = sup |Vu(x)|. (2.34)
Bn Snfl

This estimate is better than the estimate (2.32), but the condition (2.33) is an
essential one. For the details see [8, Theorem 15.1].

Lemma 2.11. If x > 0 is a solution of the inequality x < ax® 4+ b, where a > 1
and 0 < aa < 1, then
a+b—aa

Observe that for « = 0 (2.35) coincides with z < a+bie. x <az®+b.

Proof. We will use the Bernoulli’s inequality. z < az® +b=a(l4+2z—-1)*+b <
a(l + a(z — 1)) + b. The relation (2.35) now easily follows. O

3. THE MAIN RESULTS

Theorem 3.1. Let K > 1 be arbitrary and n € N and let g € C(B™). Then there
exists a constant M’ = M'(n, K) such that:

if u is K quasiconformal selfmapping of the unit ball B™ satisfying the PDE
Au = g, with u(0) = 0 then:

u(z) —u(y)| < M'lz —yl, z,y € B", (3.1)

where M’ = M{(K,n)+M5(K,n)|g|. Moreover if u is harmonic then M'(n, K) — 1
as K — 1.
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Proof. Let w(S(r,0)) = (y1,91,--.,Yn), where S are the spherical coordinates.
Combining the Proposition 1.2 and Lemma 2.7, in the special case where the co-
domain is the unit ball, we obtain that there exists Vu, and J, almost everywhere
in S”~! and there holds the following inequality:

Ju(t) < DX (/S”_l ‘f(t) — f(77)|2d0(77) + E?) te Sn—l. (32)

=~ Dr I —t|
Now from
[Vu(S(r,0))]" < KJ,(S(r,0)),
we obtain
i [Vu(S(rO)I" < lim KJu(S(r,6), (33)

almost everywhere in K"~!. From Lemma 2.1, we deduce that

. OuoS OuoS OuolS
TIAI,I?, 861 (Tv 0) XKoo X 89”‘,2 (Tv 0) X agp (T7 9)
zﬁfoT 8foT9 8foT(0)

0) X ---
ao, O g, O g,
almost everywhere in K", Since

duo S o or
aei (T7 0) =Tru (S(T, 9))87013

using (2.27) we obtain that
Dy(®) < lim [Vu(S(r,6)"" Dr(). (3.4)

From (3.2)-(3.4) we infer that

vuro) < kivurer ([ IO ) + 1)

i.e.

vuron <& ([ OO g 1) )

In view of Lemma 2.9, for every ¢ > 0 there exists §. € K"~ ! such that:

M : = ess sup{|Vu(z)| : |z| < 1}

~1 2I'(3) (3.6)
< (=97 (IDUTO)]+ 04 o Bl ).
The mean value theorem yields
lu(z) — u(y)| < sup [Vu(t) - |z —yl. (3.7)

Let = K'Y= Tt is clear that 0 < < 1. Let y = 1 —n+4p2, and let v = 1 — p.
Now applying the relation (3.5) for 8 = 6., and using (1.4), (3.6) and (3.7), we
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obtain

21 (%)
RN YE=I
<K ((Ml)u /Sn?l |77 _ T(es)r/ |f(T(0€)) — f(7])|2iy dO’(??) + g|>

|T(02) — n|r+n n

< KO3 (Kon) [ =70 dota) + 512,
Sn—1

(1—e)M —(1+

Letting ¢ — 0 we obtain

M < My(K,n)M" + Ms(K,n)|g|,

where
Ma(K,n) = KI” My (K, )+ / I — T(00)["dor(n)
Snfl
and
2I'(%2) K
Mg(K,n): (1+ 2 P Qn_l)—i-f.
(n— )y (50 n

First of all, there holds
M < My = (Ma(K) + Ms(K,m)|g) /"™ = (Ma(K) + Ms(K,m)|g) . (3.8)
If vM3(K) < 1, from Lemma 2.11 we obtain

My(K,n) + M3(K,n)|g| — vMa(K,n)
1—vMy(K,n) '

Therefore the inequality (3.1) does hold for
M =min({ My} U{M;5 : vMy(K) < 1}).

M§M5Z:

Using (1.4), Lemma 2.8 and Lemma 2.4, it follows that limg_,y M'(K,n) = 1 if
g=0. O

Concerning the co-Lipschitz character of these mappings we have the following
partial result.

Theorem 3.2. Let K < 2" ! and assume that u is a K—q.c. solution of PDE
Au = g that maps the unit ball onto itself satisfying the following conditions:
i) u € C*(B™),
ii) g € C(B™) such that |glec < Mo(K,n) where Mo(K,n) is given in (3.14).
Then u is co-Lipschitz.

Proof. From (2.14) we obtain

Tt > 2 MOEFIO] Dy lg|

—X o(n) — =X te sl 3.10
“ Dp Jgn1r  n—t® () Dr n (3.10)
Using (2.27) we obtain
D
K" HI{I |Vu(S(r,0))|" ! < D—X < 1ir{1 |Vu(S(r,0))|" . (3.11)
r—l1— T r—1—

Combining (3.10) and (3.11) it follows that
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_ 2
Jim (Vu(s00) 2 £ tim (Fu(sropt [ O g

gn-1 n—t”
— lim |Vu(S(r, 0))|”_1M, te S"_l,
r—l1— n
i.e.

Jim [Vu(S(r,0)| > K! /S_ Wda(n) - tes L (3.12)

As w1l is K-q.c, using (1.4) and (3.12) one gets

My(K,n) —
111{1 [Vu(S(r,0))| > W7 te st (3.13)
where i
nK'="(My(K,n))* "
Mo(K,n) = /57171 7 — t|n72K1/(n—1) do(n). (3.14)
The rest of the proof follows from the condition i) and [18, Lemma 4.5].
O

3.1. Examples of q.c. mappings satisfying PDE Au = g. In the following
example (a), it is shown that for the class of radial twice differentiable q.c. self-
mapping of the unit ball (which is quite large), Theorem 3.1 yields also a sufficient
condition. In its particular case (b) is shown that the condition K < 2" of Theo-
rem 3.2, is the best possible.

a) Define u(x) = h(|z|)x, where r — rh(r) is a twice differentiable diffeomor-
phism of [0,1) onto itself. Then, for r = |z|,

Ju(x) = h™(r) (1 + Z((:)) r> , (3.15)

and

IVu(z)|™ = h"(r) (1 + Z ((:)) r) . (3.16)

From (3.15) and (3.16) we obtain
[Vu()[" W) \"
A ! .
@ — U TR
Thus w is a selfmapping of the unit ball satisfying PDE

Au(z) = g(z) = (h”(r) + WM) z,

r
and it is quasiconformal if and only if

lim sup 1/ (r) < oo, (3.17)

r—1

or what is the same if and only if |Vu(x)| is bounded.
b) In particular, take u(x) = |z|*x, with a > 1. Then

Ju(z) = (14 a)|z|™, (3.18)

and
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[Vu(z)| = (o + 1)|z|*. (3.19)
By (3.18) and (3.19) it follows that
Vu@l*
To@) (a4+1)"7

Therefore u is twice differentiable (14 a)"~!-quasiconformal self-mapping of the
unit ball with J,(0) = 0. This means that the constant 2”1 is the best possible.

3.2. Remarks. It is well known that the harmonic extension (via Poisson integral)
of a homeomorphism of the unit circle is always a diffeomorphism of the unit disk.
In higher dimensions, however, the situation is quite different. Namely Melas ([22]
see also [16])) constructed a homeomorphism of the unit sphere S”~! (n > 3) whose
harmonic extension fails to be diffeomorphic. The questions arises, do there exist
such examples, assuming both conditions, harmonicity and quasiconformality; in
other words do some qg.c. harmonic mappings have critical points i.e. the points
in which the Jacobian is zero? It seems that for K < 2"~ ! such example do not
exists. In [19] and [3] is treated this problem in the complex plane. For this problem
concerning, hyperbolic harmonic mappings between surfaces see [29] and [17], and
for q.c. hyperbolic harmonic selfmapping of the unit ball see [18].
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